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ABOUT COMPLEX STRUCTURES IN CONFORMAL TRACTOR
CALCULUS
FELIPE LEITNER
Abstract. The aim of this paper is to describe the geometry of conformal
structures in Lorentzian signature, which admit a lightlike conformal Killing
vector field whose corresponding adjoint tractor acts as complex structure on
the standard tractor bundle of conformal geometry. Key to the treatment
of this problem is CR-geometry and the Fefferman construction. In fact, we
will consider here partially integrable CR-structures and a slightly generalised
Fefferman construction for these, which we call the ℓ-Fefferman construction.
We show that a certain class of ℓ-Fefferman metrics on partially integrable CR-
spaces provides all solutions to our problem concerning the complex structures.
1. Introduction
A well known construction by Ch. Fefferman (cf. [Fef76], [BDS77]) assigns
to any CR-space an invariantly defined conformal structure on a circle bundle.
This construction provides a method of investigating CR-invariants in the realm
of conformal geometry. The classical Fefferman construction is restricted to the
case of integrable, strictly pseudoconvex CR-spaces. However, it is also known that
the Fefferman construction applies to more general situations, like that of partially
integrable CR-geometry, and beyond that to various other parabolic geometries (cf.
[Cap02], [Cap05b]). Partially integrable CR-spaces are those which admit a totally
real Levi-form and a non-trivial Nijenhuis torsion tensor.
In this paper we aim to prove a result about conformal geometry in Lorentzian
signature, i.e., the metrics in a given conformal class have signature (1, n). The
problem that we pose admits a reasonably natural formulation only in conformal
tractor calculus. To solve the problem, we will essentially use the Fefferman con-
struction. However, we need to do this for partially integrable CR-spaces. More-
over, we will extent the Fefferman construction in this case slightly to something,
which we call the ℓ-Fefferman construction.
To explain our problem, let us consider the adjoint tractor bundle A(F ) on a
space (F, c) with conformal structure c of Lorentzian signature. Via the so-called
splitting operator S, any conformal vector field V on F corresponds to a uniquely
and invariantly defined section S(V ) in A(F ) which solves the conformally covariant
tractor equation
∇norS(V ) = −Ωnor(V, ·) ,
where ∇nor denotes the unique normal tractor connection of conformal geometry
and Ωnor is the corresponding curvature 2-form. On the other side, any adjoint
tractor which solves such an equation stems from a conformal vector field on F
(cf. [Cap05c]). The adjoint tractor bundle is generated by the adjoint action of the
Mo¨bius group SO(2, n + 1) on so(2, n + 1) and sections of A(F ) can be naturally
interpreted as bundle endomorphisms on the standard tractor bundle T(F ), which
comes from the standard representation of SO(2, n + 1) on R2,n+1. We ask the
Date: October 2005.
2000 Mathematics Subject Classification. 32V05, 53A30, 53B15, 53B30, 53C15.
1
2 FELIPE LEITNER
following question in this paper: Which Lorentzian conformal structures admit a
conformal Killing vector V such that the corresponding adjoint tractor R = S(V )
(which necessarily solves the above equation) acts as complex structure on T(F )?
The answer to this question is known in case that the curvature expression
Ωnor(V, ·) on the right hand side of the tractor equation is zero. Namely, all spaces
providing a solution to this simplified equation are exactly the Fefferman spaces of
strictly pseudoconvex and integrable CR-spaces (cf. [Spa85], [Gra87]). A natural
idea to extend the description of spaces with solutions is to apply the Fefferman
construction for partially integrable CR-spaces. The latter spaces are known to
admit canonical normal Cartan connections (cf. [CS00]). The Nijenhuis torsion
tensor should then be the (only) contributor to the conformal curvature term on
the right hand side of above tractor equation for S(V ). We will show that this
extension of the classical case is one part of the solution to our problem concerning
the complex structures on T(F ). In fact, it turns out that there is still a gap
in the geometric description. This is due to the fact that in the curvature term
Ωnor(V, ·) on the right hand side of the tractor equation there can be involved
another term which should be seen as a correction to the Weyl connection form used
in the Fefferman construction. This effect will be incorporated in our ℓ-Fefferman
construction.
We describe shortly the course of our investigations. We will start by introducing
partially integrable CR-spaces. To pursue the Fefferman construction we will use
pseudo-Hermitian structures and certain preferred linear connections of those. In
particular, we will extend the notion of Tanaka-Webster connections to the case
of partially integrable CR-geometry (cf. [Lee86], [Miz93]). With the help of the
preferred connections we can construct Fefferman metrics, whose conformal classes
turn out to be CR-invariants. An important part of our investigation is then the
calculation of the relation between Webster scalar curvature and Riemannian scalar
curvature in the Fefferman construction (cf. Theorem 2). Furthermore, we are
able to find an explicit expression for the Laplacian applied to the fundamental
Killing vector field in the Fefferman construction (cf. Proposition 1). It turns
out that all the calculations can be conducted for the more general ℓ-Fefferman
metrics without further expenses. The results identify the explicit form of the
adjoint tractor that belongs to the fundamental Killing vector in the ℓ-Fefferman
construction (cf. Proposition 3). A method of reconstruction shows that the ℓ-
Fefferman construction provides all possible solutions to our problem concerning
the complex structures on T(F ) (cf. Proposition 5). Finally, we summarise our
result in Theorem 4.
2. CR-manifolds and pseudo-Hermitian geometry
We recall in this section the definition of CR-structures on smooth manifolds and
explain certain notions about their integrability conditions. The basic integrability
condition that we assume throughout this paper will be the partial integrability.
For convenience, we will introduce two equivalent definitions for CR-structures, a
complex and real version, and use both of them in the sequel. Moreover, we will
introduce pseudo-Hermitian forms on CR-manifolds. All these concepts are known
and for further informations about this subject we refer to e.g. [Lee86], [Bau99]
and [Cap02].
To start with, let Mn be a connected smooth manifold of odd dimension n =
2m + 1. First, we introduce the notion of a complex almost CR-structure on M ,
which is by definition a complex subbundle T10 of the complexified tangent bundle
TMC = TM ⊗ C such that
T10 ∩ T10 = {0} and dimCT10 = m .
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We set T01 := T10 and denote by Γ(T10) the space of smooth sections in T10 overM .
All (complex) almost CR-structures that we will consider shall be non-degenerate.
To express this condition, we consider the Levi-form L on T10, which is defined by
L : T10 × T10 → E := TMC/T10⊕T01 ,
L(U, V ) := i · (prE [U, V¯ ])
where prE denotes the projection of (complex) vectors onto the quotient E. The
complex almost CR-structure T10 is called non-degenerate if its Levi-form L is non-
degenerate. Furthermore, we want to state certain notions of integrability for T10.
We say that a non-degenerate complex CR-structure T10 is
partially integrable iff [Γ(T10),Γ(T10)] ⊂ Γ(T10 ⊕ T01) and
integrable iff [Γ(T10),Γ(T10)] ⊂ Γ(T10) .
The real version of an almost CR-structure consists of a real subbundle H of
codimension 1 in the tangent bundle TM and an almost complex structure J on
H , i.e., J2 = −id|H . The Lie bracket of vector fields on M induces the tensorial
map
LH : H ×H → Q := TM/H ,
LH(X,Y ) := prQ[X,Y ]
where X,Y ∈ Γ(H) are arbitrary vector fields. The non-degeneracy condition
for a real almost CR-structure says that H is a contact distribution in TM , or
equivalently, the map LH is non-degenerate. The partial integrability for (H, J)
means that the map LH is totally real, i.e.,
LH(X,Y ) = LH(JX, JY ) for all X,Y ∈ H .
Finally, the integrability of (H, J) is determined by the additional vanishing of the
Nijenhuis tensor:
NJ(X,Y ) := [X,Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ] = 0
for all X,Y ∈ Γ(H).
The natural correspondence between complex and real version of almost CR-
structures is given in the one direction starting with T10 by
H := Re(T10 ⊕ T01) and J(U + U¯) := i(U − U¯), U ∈ Γ(T10) .
In the other direction starting with (H, J), the eigenspaces of the extended complex
linear map J on HC to the eigenvalue i define an almost complex CR-structure T10.
The introduced notions of integrability and non-degeneracy coincide under the nat-
ural correspondence. In this paper, we will be concerned with non-degenerate, par-
tially integrable CR-structures. We call a pair (M,T10) (resp. a triple (M,H, J) )
a partially integrable CR-manifold if T10 (resp. (H, J) ) is non-degenerate and par-
tially integrable. Often we will not distinguish between the real and the complex
version but use both notions simultaneously.
A nowhere vanishing 1-form θ on a non-degenerate almost CR-manifold
(M,H, J) with θ|H ≡ 0 is called a pseudo-Hermitian form (resp. pseudo-Hermitian
structure) and the data (M,H, J, θ) (resp. (M,T10, θ)) are called a pseudo-
Hermitian manifold. A pseudo-Hermitian form is necessarily a contact form on M .
The pseudo-Hermitian form θ determines uniquely the Reeb vector field T ∈ X(M)
by
θ(T ) ≡ 1 and dθ(T, ·) ≡ 0 .
The Hermitian form
Lθ : T10 × T10 → C ,
Lθ(U, V ) := −idθ(U, V¯ )
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is called the Levi-form of (M,T10, θ). Obviously, it holds θ(L(U, V )) = Lθ(U, V ).
The Levi-form Lθ can be naturally extended to TM
C by
Lθ(U, V¯ ) := 0 , Lθ(T, ·) = 0 ,
Lθ(U¯ , V¯ ) := Lθ(U, V ) = Lθ(V, U) .
The real part of the extension of Lθ is a symmetric bilinear form on TM , which is
non-degenerate on H . We denote this form also by
Lθ : TM × TM → R .
In general, the signature of Lθ onH is (2p, 2q) for some non-negative integers p, q
with p+q = m, where 2p is the number of timelike vectors in an orthonormal frame
of (H,Lθ). Since two pseudo-Hermitian forms on (M,H, J) differ only by rescaling
with a nowhere vanishing function, the definiteness of Lθ is an invariant of the
almost CR-structure. Hence, in the definite case, we say that the almost CR-space
(M,H, J) is strictly pseudoconvex and a pseudo-Hermitian form on such a space is
assumed to be positive definite. We will consider in this paper strictly pseudoconvex
spaces. However, this restriction is not essential for our considerations.
3. The Tanaka-Webster connection
We assume from now on that (M,T10) is a partially integrable, strictly pseudo-
convex CR-manifold equipped with pseudo-Hermitian form θ, i.e., the Levi-form Lθ
is positive definite on H . The purpose of this section is to introduce a certain co-
variant derivative which naturally belongs to the given pseudo-Hermitian structure.
We call it the Tanaka-Webster connection, since it generalises the classical case for
such connections (cf. [Lee86], [Miz93]). We also introduce notions of curvature for
this connection.
The following Lemma 1 to 4 are known facts, certainly for the case of inte-
grable CR-structures, where its statements and proofs can be found in (cf. [Bau97],
[Bau99]). We give here corresponding modified statements for the weaker condi-
tion of partial integrability. Thereby, we mainly explain where refinements of the
formulae concerning the integrable case have to be taken into consideration due
to partial integrability. We will not repeat the parts of the proofs which do not
depend on the Nijenhuis tensor.
Lemma 1. (cf. [Bau99]) Let Lθ : TM
C × TMC → C be the Levi-form to θ on a
partially integrable CR-manifold (M,T10) (resp. (M,H, J)) and let T be the Reeb
vector field belonging to θ. Then
[T, Z] ∈ Γ(HC) for all Z ∈ Γ(HC) ,
Lθ([T, U ], V ) + Lθ(U, [T, V ]) = T (Lθ(U, V )) ,
Lθ([T, U¯ ], V ) = Lθ([T, V¯ ], U) ,
Lθ([T,U], V¯ ) = Lθ([T, V ], U¯)
for all U, V ∈ Γ(T10), and
Lθ(X,Y ) = dθ(X, JY ) ,
Lθ(JX, JY ) = Lθ(X,Y ) , Lθ(JX, Y ) + Lθ(X, JY ) = 0 ,
Lθ([T,X ], Y )− Lθ([T, Y ], X) = Lθ([T, JX ], JY )− Lθ([T, JY ], JX)
for all X,Y ∈ Γ(H).
As next, we state the existence of a particular covariant derivative, which we call
the Tanaka-Webster connection, belonging to any pseudo-Hermitian structure θ on
a partially integrable CR-manifold (M,T10) (cf. [Lee86], [Bau99], [Miz93]).
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Lemma 2. (cf. [Bau99]) Let (M,T10, θ) be a pseudo-Hermitian manifold and let
T be the Reeb vector field to θ. Then there exists a uniquely determined covariant
derivative
∇W : Γ(T10)→ Γ(T ∗MC ⊗ T10)
such that
(1)
∇WT U = pr10[T, U ] , ∇WV¯ U = pr10[V¯ , U ] ,
(2)
X(Lθ(U, V )) = Lθ(∇WX U, V ) + Lθ(U,∇WX¯ V )
for all U, V ∈ Γ(T10) and X ∈ TMC, where pr10 denotes the projection onto T10.
Moreover, ∇W satisfies
∇WU V −∇WV U = pr10[U, V ] .
We note that in case of an integrable CR-structure T10 the more special relation
∇WU V −∇WV U = [U, V ]
holds. Nevertheless, the proof of Lemma 2 mainly uses Lemma 1 and remains the
same as in [Bau97]. We extend now the Tanaka-Webster connection ∇W to the
complex tangent bundle TMC by
∇WT := 0 and ∇WX U¯ := ∇WX¯ U for all X ∈ TMC, U ∈ Γ(T10) .
The torsion TorW of this connection is defined in the usual manner as
TorW (X,Y ) := ∇WX Y −∇WY X − [X,Y ]
for X,Y ∈ Γ(TMC).
Lemma 3. (cf. [Bau99]) The torsion TorW of the Tanaka-Webster connection
∇W : Γ(TMC)→ Γ(T ∗MC ⊗ TMC)
satisfies
TorW (U, V¯ ) = iLθ(U, V ) · T ,
T orW (U, V ) = −pr01[U, V ] , T orW (U¯ , V¯ ) = −pr10[U¯ , V¯ ] ,
T orW (T, U) = −pr01[T, U ] , T orW (T, U¯) = −pr10[T, U¯ ]
for all U, V ∈ Γ(T10), where pr01 denotes the projection onto T01.
In the integrable case the formulae for the torsion simplify to
TorW (U, V ) = TorW (U¯ , V¯ ) = 0
when U, V ∈ T10. However, by the refinement in Lemma 2, it holds in the partially
integrable case only ∇WU V −∇WV U − [U, V ] = −pr01[U, V ]. This implies the torsion
formulae in Lemma 3. Finally, we can restrict the Tanaka-Webster connection to
its real part and obtain a linear connection ∇W on the (real) tangent bundle TM .
Lemma 4. (cf. [Bau99]) Let θ be a pseudo-Hermitian structure on a partially
integrable CR-manifold (M,H, J). The Webster connection
∇W : X(M)→ Γ(T ∗M ⊗ TM)
is uniquely determined by the following properties
(1)
X(Lθ(Y, Z)) = Lθ(∇WX Y, Z) + Lθ(Y,∇WX Z)
for all X,Y, Z ∈ X(M), i.e., ∇W is metric with respect to Lθ on H,
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(2)
TorW (X,Y ) = Lθ(JX, Y ) · T − 1
4
NJ (X,Y ) and
(3)
TorW (T,X) = −1
2
(
[T,X ] + J [T, JX ]
)
for all X,Y ∈ Γ(H). In addition, the connection ∇W satisfies
∇WT = 0 and ∇WJ = 0 .
Proof. Again, the same proof as in [Bau97] (p.16) applies. We have only to take
into consideration the refined formula TorW (U, V ) = −pr01[U, V ] and the relation
−1
4
NJ (X,Y ) = Tor
W (U, V ) + TorW (U¯ , V¯ )
for all U, V ∈ T10, whereby X = U + U¯ and Y = V + V¯ . Together with
TorW (U, V¯ ) = iLθ(U, V ) · T this shows
TorW (X,Y ) = TorW (U¯ , V ) + TorW (U, V¯ ) + TorW (U, V ) + TorW (U¯ , V¯ )
= Lθ(JX, Y ) · T − 1
4
NJ (X,Y )
for all X,Y ∈ H . Since
∇WY JX = ∇WY (i(U − U¯)) = i(∇WY U −∇WY U)
= J(∇WY U + ∇WY U) = J∇WY X
for all X ∈ Γ(H) and Y ∈ TM , it follows that J is parallel with respect to ∇W . 
The important point in Lemma 4 is that the Nijenhuis tensor is part of the
torsion of the Tanaka-Webster connection due to partial integrability. The way
in which the Nijenhuis tensor occurs in the torsion TorW is essentially implicated
by condition (1) in Lemma 2. (The metric condition (2) of Lemma 2 is a rather
inevitable choice.) There are other suitable connections, which occur naturally in
the framework of CR-geometry resp. pseudo-Hermitian geometry, most notably the
so-called Weyl connections in the sense of [CS03]. This type of connections differs
from the Tanaka-Webster connections just by its torsion normalisation. We will
later meet the Weyl connections on line bundles.
Finally, we define here expressions of curvature for ∇W . Thereby, we introduce
the following conventions and notations concerning calculations with respect to a
local basis or frame. The indices with letters i, j and k run from 1 to 2m, whereas the
indices with Greek letters α, β and γ run from 1 tom. With {ei : i = 1, . . . , 2m} we
denote an orthonormal basis (resp. local frame) of (H,Lθ) such that the additional
condition
J(e2α−1) = e2α, J(e2α) = −e2α−1 for all α = 1, . . . ,m
is satisfied. Then the complex vectors
Zα :=
1√
2
(e2α−1 − iJe2α−1), α = 1, . . . ,m ,
form an orthonormal basis of (T10, Lθ) and the vectors Zα¯ := Zα with α = 1, . . . ,m
represent an orthonormal basis of T01. The curvature operator of ∇W is defined by
R∇
W
(X,Y )Z = ∇WX ∇WY Z −∇WY ∇WX Z −∇W[X,Y ]Z ,
where X,Y, Z ∈ Γ(TMC) are complex vectors. The curvature operator is tensorial
in X,Y and Z. Moreover, we have the curvature tensor given by
RW (X,Y, Z, V ) = Lθ(R
∇W (X,Y )Z, V¯ )
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for X,Y, Z, V ∈ TMC. A straightforward calculation proves that
RW (X,Y, Z, V ) = −RW (Y,X,Z, V ) = −RW (X,Y, V, Z),
RW (A,B,C,D) = RW (C,B,A,D) − Lθ(TorW (B, TorW (C,A)), D),
R∇
W
(A,B)C = (∇CTorW )(A,B)
for all vectors X,Y, Z, V in TMC and A,B,C,D in T10. In case that the Nijenhuis
tensor N vanishes the two latter identities simplify to
RW (A,B,C,D) = RW (C,B,A,D) and
R∇
W
(A,B)C = 0 .
The Webster-Ricci and scalar curvatures are defined as contractions of RW :
RicW :=
∑m
α=1R
W (·, ·, Zα, Zα¯) ,
scalW :=
∑m
α=1Ric
W (Zα, Zα¯) .
These definitions are independent of the choice of orthonormal basis. With respect
to the ei’s we have
RicW (X,Y ) = i ·∑mα=1RW (X,Y, e2α−1, Je2α−1) ,
scalW = i ·∑mα=1RicW (e2α−1, Je2α−1) .
Obviously, the function scalW on (M,T10, θ) is real. We set
ωβα := Lθ(∇WZα, Zβ) .
With these components of the Tanaka-Webster connection the Ricci and scalar
curvature are expressed by
RicW (X,Y ) =
m∑
α=1
Lθ([∇WX ,∇WY ]Zα −∇W[X,Y ]Zα, Zα)
=
 m∑
α=1
dωαα −
m∑
α,β=1
ωβα ∧ ωαβ
 (X,Y )
=
m∑
α=1
dωαα(X,Y ) ,
scalW =
m∑
α,β=1
dωαα(Zβ, Zβ¯) .
Note that the Webster-Ricci curvature RicW is not symmetric, in general. However,
it is symmetric in case of integrable CR-structures.
4. Rescaling of a pseudo-Hermitian structure
We discuss here the transformation rules for the Tanaka-Webster connection
and its scalar curvature under rescaling of a given pseudo-Hermitian structure. We
remark right at the beginning that calculations and resulting expressions in this
section do not differ formally from those in the classical integrable case, since the
Nijenhuis torsion does not play any role in the transformation (cf. [Lee86]). The
transformation rule will help us to prove the invariance of the Fefferman construc-
tion, which happens in the next section.
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Let (M,T10, θ) be a partially integrable, strictly pseudoconvex CR-space with
pseudo-Hermitian structure θ and corresponding Tanaka-Webster connection ∇W .
As always, we use local frames {ei : i = 1, . . . , 2m} with the property
J(e2α−1) = e2α, J(e2α) = −e2α−1 for all α = 1, . . . ,m,
and we set Zα =
1√
2
(e2α−1 − iJe2α−1). Moreover, we set
θα = Lθ(·, Zα) , θα¯ = Lθ(·, Zα¯)
and
δβα = Lθ(Zα, Zβ) , ω
β
α := Lθ(∇WZα, Zβ) .
Then, it is ∇WZα =
∑m
β=1 ω
β
α ⊗ Zβ. Furthermore, for a real smooth function
f ∈ C∞(M) we define
fα := Zα(f) , fα¯ := Zα¯(f) , fo = T (f),
fαβ¯ := (∇WZβ¯df)(Zα) and fα¯β := (∇WZβdf)(Zα¯) .
Eventually, we set
δf :=
m∑
α=1
fα¯Zα and ∆bf := −
m∑
α=1
(
fαα¯ + fα¯α
)
.
The latter definitions are independent of the choice of orthonormal frame. It holds
δf(f) =
∑m
α=1 fα · fα¯ and the differential operator ∆b is called sublaplacian.
Now let f ∈ C∞(M) be an arbitrary function and let θ˜ = e2fθ. The Hermitian
form Lθ˜ is again positive definite and θ˜ is another pseudo-Hermitian structure on
(M,T10). In fact, any two pseudo-Hermitian forms on (M,T10) differ only by multi-
plication with a smooth positive function. We want to examine the transformation
rules for the Tanaka-Webster connections and the corresponding scalar curvatures
under such a rescaling. First of all, we notice that
θ˜α = ef (θα + 2ifα¯θ) for all α = 1, . . . ,m,
where θ˜α is dual to Z˜α = e
−f · Zα with respect to Lθ˜, and
T˜ = e−2f · (T − 2iδf + 2iδf) .
Lemma 5. (cf. [Lee86]) Let θ˜ = e2fθ be a rescaled pseudo-Hermitian structure on
a partially integrable CR-space (M,T10). Then it holds
(1)
∇˜WX U = ∇WX U + 2df(U) · pr10X + 2df(pr10X) · U − 2Lθ(U, X¯) · δf
+ iθ(X) · (4df(U) · δf + 4U · δf(f) + 2 · ∇WU δf)
for all U ∈ Γ(T10) and X ∈ TMC.
(2) For the connection components it holds
ω˜βα = ω
β
α + 2(fαθ
β − fβ¯θα¯) + δβα ·
(
m∑
γ=1
fγθ
γ − fγ¯θγ¯
)
+ i θ(·)
(
fβ¯α + fαβ¯ + 4fαfβ¯ + 4δ
β
α ·
m∑
γ=1
fγfγ¯
)
,
where α, β = 1, . . . ,m.
(3) The Webster scalar curvature rescales by
s˜cal
W
= e−2f · ( scalW + 2(m+ 1)∆bf − 4m(m+ 1)δf(f) ) .
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Proof. (1) We take the expression for ∇˜W in Lemma 5 as definition for a
connection and verify that it satisfies the determining properties for the Tanaka-
Webster connection of Lemma 2. First, we have
∇˜W
V¯
U = ∇W
V¯
U − 2Lθ(U, V )δf ,
and on the other side, it is
p˜r10[V¯ , U ] = pr10[V¯ , U ]− 2Lθ(U, V )δf
for all U, V ∈ Γ(T10). This shows that ∇˜WV¯ U = p˜r10[V¯ , U ]. Next we see that
Lθ˜(∇˜WX U, V ) + Lθ˜(U, ∇˜WX¯ V )
= e2f · Lθ(∇WX U + 2df(U)pr10X + 2df(pr10X)U − 2Lθ(U, X¯)δf, V )
+ e2f · Lθ(U,∇WX¯ V + 2df(V )pr10X¯ + 2df(pr10X¯)V − 2Lθ(V,X)δf)
= e2f ·X(Lθ(U, V )) + 2e2fdf(X) · Lθ(U, V )
+ e2f · (2df(U) · Lθ(X,V )− 2df(V¯ ) · Lθ(U, X¯))
+ e2f ·
(
2df(V¯ ) · Lθ(U, X¯)− 2df(U) · Lθ(V,X)
)
= X(Lθ˜(U, V ))
for all U, V ∈ Γ(T10). It remains to show that ∇˜WT˜ U = p˜r10[T˜ , U ]. For this purpose
we calculate
e2f · p˜r10[T˜ , U ] = pr10[T, U ] + 2ie2fpr10[e−2f (−δf + δf), U ]
= pr10[T, U ]− 4idf(U)δf − 2i · ∇WδfU + 2i · ∇WδfU
+ 2i ·
m∑
α=1
U(fα¯) · Zα + 2i ·
m∑
α=1
fα¯ · ∇WU Zα ,
and on the other side,
e2f · ∇˜W
T˜
U = ∇WT U − 2i∇WδfU + 2i∇WδfU − 8i · df(U)δf − 4i
m∑
α=1
fαfα¯ · U
+ i(4df(U)δf + 4δf(f) · U + 2 · ∇WU δf) ,
which obviously equals the previous expression.
(2) To calculate the connection components ω˜βα, we use the following identity
ifoδ
β
α + 2 · Lθ(∇WZαδf, Zβ)
= dθ(Zα, Zβ¯)T (f) + 2 · Zα(fβ¯)− 2 · ∇WZα¯Zβ(f)
= 2 · Zα(fβ¯) + [Zβ¯ , Zα](f)− pr10[Zβ¯, Zα](f)− pr01[Zα, Zβ¯ ](f)
= Zα(fβ¯) + Zβ¯(fα)−∇WZαZβ¯(f)−∇WZβ¯Zα(f)
= fβ¯α + fαβ¯ .
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It is
ω˜βα = Lθ˜(∇˜W Z˜α, Z˜β) = Lθ(∇˜WZα, Zβ)− δβα · df
= ωβα − δβα · df + 2 · fαθβ − 2fβ¯θα¯ + 2δβα ·
m∑
γ=1
fγθ
γ
+ i ·
(
4fαfβ¯ + 2 · Lθ(∇WZαδf, Zβ) + 4δβα ·
m∑
γ=1
fγfγ¯
)
θ
= ωβα + 2(fαθ
β − fβ¯θα¯) + δβα ·
m∑
γ=1
(fγθ
γ − fγ¯θγ¯)
+ i ·
(
4fαfβ¯ + ifoδ
β
α + 2 · Lθ(∇WZαδf, Zβ) + 4δβα ·
m∑
γ=1
fγfγ¯
)
θ
= ωβα + 2(fαθ
β − fβ¯θα¯) + δβα ·
m∑
γ=1
(fγθ
γ − fγ¯θγ¯)
+ i ·
(
4fαfβ¯ + fβ¯α + fαβ¯ + 4δ
β
α ·
m∑
γ=1
fγfγ¯
)
θ .
(3) We use now the latter formula for the connection components to calculate
the Webster scalar curvature. It is
m∑
α=1
ω˜αα =
m∑
α=1
ωαα + (m+ 2) ·
m∑
α=1
(fαθ
α − fα¯θα¯)
+ i ·
m∑
α=1
( fα¯α + fαα¯ + 4(m+ 1)fαfα¯) θ .
The trace of the exterior differential of this expression is equal to the Webster scalar
curvature. We use
d(
m∑
α=1
fαθ
α)(Zγ , Zβ¯) =
m∑
α=1
(dfα ∧ θα + fαdθα)(Zγ , Zβ¯)
= −Zβ¯(fγ) +
m∑
α=1
fαθ
α([Zβ¯, Zγ ])
= −fγβ¯
and obtain
m∑
α,β=1
dω˜αα(Zβ , Zβ¯) =
m∑
α,β=1
dωαα(Zβ , Zβ¯) − (m+ 2) ·
m∑
β=1
(fββ¯ + fβ¯β)
+ i
m∑
α,β=1
( fα¯α + fαα¯ + 4(m+ 1) · fαfα¯ ) · dθ(Zβ , Zβ¯) .
As result we have
s˜cal
W
= e−2f · ( scalW + 2(m+ 1)∆bf − 4m(m+ 1)δf(f) ) .

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5. The Fefferman metric
We construct now the Fefferman metric to a pseudo-Hermitian structure θ on the
total space of the canonical S1-principal bundle of a partially integrable, strictly
pseudoconvex CR-manifold (M,T10). The importance of the Fefferman metric re-
lies on the independence of its conformal class from the chosen pseudo-Hermitian
structure, i.e., the Fefferman conformal class is an invariant of the underlying CR-
structure. The construction that we describe coincides with the classical Fefferman
construction for integrable CR-spaces. In fact, it looks formally the same as in the
classical case (cf. [Lee86], [Bau99]). However, at the end of the section we aim to
introduce a slightly more generalised class of metrics, which we call the ℓ-Fefferman
metrics. The reason for this extension shall find its justification in the later sections.
Let (Mn, T10) be a partially integrable, strictly pseudoconvex CR-manifold of
dimension n = 2m+1 and let θ be a pseudo-Hermitian structure on this CR-space.
We denote by
Λm+1,0M := { ρ ∈ Λm+1M ⊗ C : X − ρ = 0 for all X ∈ T01 = T10 }
the complex line bundle overMn, which consists of all those complex (m+1)-forms
that vanish when an element of T01 is inserted. The bundle Λ
m+1,0M is called the
canonical line bundle of the CR-space (M,T10). The positive real numbers R
+ act
by multiplication on K∗ := Λm+1,0 \ {0}, which denotes the canonical line bundle
without zero section. We set Fc := K
∗/
R
+ and the triple
( Fc, π,M )
denotes the canonical S1-principal bundle of (M,T10) whose fibre action is induced
by complex multiplication with the elements of the unit circle S1 in C.
Let {Zα : α = 1, . . . ,m} be a local orthonormal frame of (T10, Lθ) and let θα,
α = 1, . . . ,m, denote the corresponding dual 1-forms. The (m+ 1, 0)-form
τ := θ ∧ θ1 ∧ . . . ∧ θm
is a local section of Λm+1,0M . We denote by [τ ] the corresponding local section in
Fc = K
∗/
R
+ . With help of the projection π every 1-form ρ on M can be lifted to
Fc. The result is a 1-form π
∗ρ on Fc. For convenience, we shall usually denote the
lifted 1-form by ρ again. With help of the section [τ ] we can also pull back 1-forms
σ to M , which is denoted by [τ ]∗σ or just σ again.
The Tanaka-Webster connection ∇W naturally extends to a covariant derivative
on sections of the (m + 1, 0)-form bundle Λm+1,0(M). In fact, the covariant de-
rivative ∇W acting on Λm+1,0M is induced by a unique connection 1-form on the
S1-principal fibre bundle Fc, which we denote by
AW : TFc → iR .
It is [τ ]∗AW = −∑mα=1 ωαα with respect to the local frame forms θα, α = 1, . . . ,m.
Further, we set
Aθ := A
W − i
2(m+ 1)
scalW θ .
The latter is a connection 1-form on Fc as well. It is the so-calledWeyl connection on
the canonical S1-bundle of (M,T10), which belongs to the given pseudo-Hermitian
structure θ (cf. [CS03]). The curvature of AW is the 2-form ΩW = dAW . It holds
ΩW = −
m∑
α=1
dωαα = −RicW .
We denote the curvature of Aθ by Ωθ = dAθ. It is
Ωθ = −RicW − i
2(m+ 1)
scalWdθ − i
2(m+ 1)
d(scalW ) · θ .
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We define now the Fefferman metric to θ on Fc by
fθ := π
∗Lθ − i 4
m+ 2
π∗θ ◦Aθ ,
or in shorter notation, we often use the expression fθ = Lθ − i 4m+2θ ◦ Aθ. This
is, in fact, a symmetric 2-tensor on the real tangent bundle of Fc. In case of an
underlying strictly pseudoconvex space its signature is Lorentzian (i.e., (1, 2m+1)).
The Fefferman conformal class [fθ] consists of all smooth metrics f˜θ on Fc which
arise by conformal rescaling of fθ, i.e., it is f˜θ = e
2φfθ for some smooth function φ.
As we already mentioned the Fefferman conformal class shall be independent of the
particular choice of a pseudo-Hermitian structure on M . This makes the Fefferman
conformal class [fθ] an invariant object in a natural manner attached to the CR-
structure T10 on M . We want to prove this invariance property for fθ. For this
purpose we need to find the transformation rule for the Tanaka-Webster connection
form AW resp. for the Weyl connection Aθ on Fc under rescaling of θ. Thereby,
we use the results from the last section. We will see that the transformation rule
for the Weyl connection is particular easy.
To start with, let θ˜ = e2f ·θ be a rescaled pseudo-Hermitian structure on (M,T10)
and let Z˜α = e
−f · Zα, where α = 1, . . . ,m, be the rescaled basis vectors. It is
θ˜α = ef(θα + 2ifα¯θ) and τ˜ = e
(m+2)fτ ,
i.e., [τ˜ ] and [τ ] are identical as local sections of Fc. Moreover, it is
[τ ]∗AW = −∑mα=1 ωαα and
[τ ]∗A˜W = −∑mα=1 ω˜αα .
By using Lemma 5, we calculate
[τ ]∗(A˜W −AW ) = − (m+ 2) ·
m∑
α=1
(fαθ
α − fα¯θα¯)
+ i( ∆bf − 4(m+ 1) ·
m∑
α=1
fαfα¯ ) · θ,
and further,
[τ ]∗(Aθ˜ −Aθ) = − (m+ 2) ·
m∑
α=1
( fαθ
α − fα¯θα¯ )
− i( −∆bf + 4m(m+ 1) ·
m∑
α=1
fαfα¯ ) · θ
− i
2(m+ 1)
(
scalW+ 2(m+ 1)∆bf − 4(m+ 1) ·
m∑
α=1
fαfα¯
)
· θ
+
i
2(m+ 1)
· scalWθ
= − (m+ 2) ·
m∑
α=1
( fαθ
α − fα¯θα¯ )
−
(
2i(m+ 2) ·
m∑
α=1
fαfα¯
)
· θ .
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We conclude that
Aθ˜ = Aθ − (m+ 2)
m∑
α=1
( fαθ
α − fα¯θα¯ ) − 2i(m+ 2)
m∑
α=1
fαfα¯θ .
Now we can consider the transformation rule for the Fefferman metric fθ under
rescaling of θ. It is
fθ˜ = 2 ·
m∑
α=1
θ˜α ◦ θ˜α¯ − i 4
m+ 2
θ˜ ◦Aθ˜
= e2f · ( m∑
α=1
2 · ( θα ◦ θα¯ + 2ifα¯θ ◦ θα¯ − 2ifαθα ◦ θ + 4fα¯fα · θ ◦ θ )
− i 4
m+ 2
θ ◦Aθ +
m∑
α=1
(
4ifαθ ◦ θα − 4ifα¯θ ◦ θα¯ − 8fαfα¯ · θ ◦ θ
) )
= e2f · fθ .
Theorem 1. (cf. [Lee86]) Let (Mn, T10) be a partially integrable CR-space with
a pseudo-Hermitian structure θ and Fefferman metric fθ on Fc. Let θ˜ = e
2fθ be
a rescaled pseudo-Hermitian structure. Then the corresponding Fefferman metric
rescales by fθ˜ = e
2f · fθ.
As we have defined Fefferman metrics in this section they depend on the con-
nection Aθ associated to θ. A more general class of metrics on Fc (which are again
Lorentzian for strictly pseudoconvex CR-structures) is given by choosing any con-
nection form A. The difference between A and Aθ is the lift of a 1-form ℓ on M
with purely imaginary values. We denote
Aθ,ℓ := Aθ + ℓ and fθ,ℓ = Lθ − i 4
m+ 2
θ ◦Aθ,ℓ .
Definition 1. Let (Mn, T10) be a partially integrable CR-space, θ a pseudo-
Hermitian structure and ℓ ∈ Ω1(M ; iR) an arbitrary 1-form on M . Then we call
the metric
fθ,ℓ = Lθ − i 4
m+ 2
θ ◦Aθ,ℓ
the (generalised) ℓ-Fefferman metric with respect to θ on (Mn, T10).
In case that ℓ = 0 the metric fθ,ℓ = fθ is just the usual Fefferman metric to
θ. If ℓ is a closed form on M then the metrics fθ and fθ,ℓ are locally isometric.
The local isometry is just given by a gauge transformation on Fc which transforms
the connection form Aθ,ℓ into Aθ. In particular, the fibres are preserved. On the
other side, a local isometry between fθ and fθ,ℓ, which preserves the fibres, can
only exist if there is a gauge transformation, i.e., if the difference ℓ = Aθ,ℓ − Aθ
is closed. Moreover, metrics fθ,ℓ and fθ˜,ℓ˜ are locally isometric only if the rescaling
function f is constant zero, i.e., when θ˜ = θ holds. Altogether, we can conclude
that generalised Fefferman metrics fθ,ℓ and fθ˜,ℓ˜ are locally isometric with preserved
fibre if and only if θ˜ = θ and ℓ˜− ℓ is a closed form on M . Finally, we notice that if
θ˜ = e2fθ and ℓ ∈ Ω1(M ; iR) is arbitrary then
fθ˜,ℓ = e
2f · fθ,ℓ .
This shows that the conformal class [fθ,ℓ] of the ℓ-Fefferman metric is an invariant
of the pair (T10, ℓ), which consists of a partially integrable CR-structure and a 1-
form ℓ ∈ Ω1(M ; iR). We denote the conformal class of the ℓ-Fefferman metric by
cℓ := [fθ,ℓ], where θ is some arbitrary pseudo-Hermitian form.
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6. The torsion tensor
We examine here properties of the torsion tensor TorW with respect to the
Tanaka-Webster connection on pseudo-Hermitian spaces. The torsion consists es-
sentially of the Nijenhuis tensor NJ and Tor
W (T, ·), where the latter part is the de-
viation from transversal symmetry along T . The Nijenhuis tensor is a CR-invariant.
The discussion in this section will be for use in the next section when the torsion
enters our calculations for curvature expressions that arise in connection with the
Fefferman construction.
Let (Mn, H, J) be a strictly pseudoconvex, partially integrable CR-space with
dimension n = 2m + 1 and let θ denote a pseudo-Hermitian structure on M . By
{ei : i = 1, . . . , 2m} we denote an orthonormal basis of Lθ on H such that
J(e2α−1) = e2α J(e2α) = −e2α−1 for all α = 1, . . . ,m .
Now we introduce the following conventions. Let A be a (2, r)-tensor (with r = 0
or 1). We denote its trace (or contraction) by
trθA :=
2m∑
i=1
A(ei, ei) .
More generally, we use the notation trk,lθ A for the trace of a (s, r)-tensor A, where
the contraction takes place in the kth and lth entry of A. In relation with the
contraction we also use the convention (∇A)(X,Y ) = (∇XA)(Y ), where ∇ denotes
some covariant derivative on the tangent space. If A is a skew-symmetric tensor on
M then we set
LA(·, ·) := iA(·, J ·) .
It is
trθLA = i · trθA(·, J ·) = 2 ·
m∑
α=1
A(Zα, Zα¯) .
If A is a symmetric (2, 0)-tensor then
trθA = 2 ·
m∑
α=1
A(Zα, Zα¯) .
The Nijenhuis tensor N on M is defined as
NJ (X,Y ) := [X,Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ] ,
whereby X,Y ∈ Γ(H). Since TorW (X,Y ) = Lθ(JX, Y ) ·T − 14N(X,Y ), the Nijen-
huis tensor can be considered as the essential part of the torsion restricted to the
contact distribution H . It holds
JN(X,Y ) = −N(JX, Y ) = −N(X, JY ) and
trθLθ(N(X, ·), ·) = 0
for all X,Y, Z ∈ H . We form with N the Bθ-tensor by
Bθ(X,Y, Z) :=
1
8
(
Lθ(N(X,Y ), Z) + Lθ(N(Z, Y ), X) + Lθ(N(Z,X), Y )
)
.
Moreover, let
B(X,Y ) :=
2m∑
i=1
Bθ(X,Y, ei)ei
denote the corresponding (2, 1)-tensor. The tensor B does not depend on the chosen
θ and the orthonormal frame {ei}. It holds
B(X,Y )− B(Y,X) = 1
2
N(X,Y )
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and B vanishes identically if and only if N vanishes identically. In other words, the
tensor B contains the same information as N. Moreover, it holds
Bθ(X,Y, Z) = −Bθ(X,Z, Y ) ,
Bθ(X,Y, Z) = −Bθ(JX, JZ, Y ) = −Bθ(JX, Y, JZ) = −Bθ(X, JY, JZ) ,
JB(X,Y ) = −B(JX, Y ) = −B(X, JY ) ,
trθB =
∑2m
i=1B(ei, ei) = 0 ,
tr1,3θ Bθ(X) =
∑2m
i=1Bθ(ei, X, ei) = 0 ,
tr2,3θ Bθ(X) =
∑2m
i=1Bθ(X, ei, ei) = 0 .
Straightforward calculations using essentially the condition of partial integrability
show the following identities:
trθLθ(N(N(X, ·), Y ), ·) = trθLθ(N(N(X, ·), ·), Y )− trθLθ(N(X, ·),N(Y, ·))
trθBθ(N(X, ·), ·, Y ) = 1
4
trθLθ(N(X, ·),N(Y, ·))
trθLθ(B(X, ·),B(Y, ·)) = 1
8
trθLθ(N(N(X, ·), ·), Y )
trθLθ(B(X, ·),B(·, Y )) = 1
16
trθLθ(N(N(X, ·), ·), Y )
2m∑
i,j=1
Lθ(N(N(ei, ej), ej), ei) =
1
2
·
2m∑
i,j=1
Lθ(N(ei, ej),N(ei, ej)) .
The third identity above shows that the tensor trθLθ(N(N(X, ·), ·), Y ) is symmetric
in X and Y .
The second part of the torsion is
TorW (T,X) = −1
2
( [T,X ] + J [T, JX ] ) ,
where X ∈ H . We define the tensor
Tθ(X,Y ) := −2 · Lθ(TorW (T,X), Y ) for X,Y ∈ H .
Then it holds
TorW (T, JX) = −J(TorW (T,X)),
Tθ(X,Y ) = Tθ(Y,X) = Lθ([T,X ], Y ) + Lθ([T, Y ], X),
Tθ(X, JY ) = Tθ(JX, Y ) and
trθTθ = trθTθ(·, J ·) = 0 .
7. The scalar curvature of a Fefferman metric
We calculate in this section parts of the Ricci-curvature tensor and with the
help of these the scalar curvature for Fefferman metrics. In fact, we will do this
calculation for the more general class of ℓ-Fefferman metrics. The formulae that we
obtain generalise the results of [Lee86]. Due to partial integrability the Nijenhuis
tensor N will enter the curvature expressions. This makes our calculations more
laborious.
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Let (Mn, H, J) be a strictly pseudoconvex, partially integrable CR-space with
dimension n = 2m+ 1 and let θ denote a pseudo-Hermitian structure on M . The
ℓ-Fefferman metric on the canonical S1-bundle Fc to θ on M is defined as
fθ,ℓ = Lθ − i 4
m+ 2
θ ◦Aθ,ℓ ,
where ℓ is (the lift of) an arbitrary 1-form on M with purely imaginary values and
Aθ,ℓ := Aθ + ℓ ,
i.e., Aθ,ℓ takes the form of a generic connection 1-form on Fc. In this section, we
will sometimes denote the ℓ-Fefferman metric abbreviated by f .
The S1-action on the fibres of Fc induces a (vertical) fundamental vector field
for each element in the Lie algebra iR of S1. We denote by S the fundamental field
which is determined by
Aθ,ℓ(S) = i
m+ 2
2
.
The field S is lightlike on (Fc, fθ,ℓ). As usual, we denote by {ei : i = 1, . . . , 2m}
an orthonormal local frame of (H,Lθ) satisfying
J(e2α−1) = e2α and J(e2α) = −e2α−1 for all α = 1, . . . ,m .
Moreover, let T be the Reeb vector field to θ onM and let X∗ denote the horizontal
lift to Fc of any vector X on M with respect to the connection Aθ,ℓ. It holds
fθ,ℓ(S, T
∗) = 1 and
{e∗1, . . . , e∗n, T ∗, S}
is a local frame on (Fc, fθ,ℓ). Throughout this section we use (local) vector fields
X,Y, Z and V on M which have constant coefficients with respect to the chosen
local frame {ei : i = 1, . . . , 2m}. In particular, this implies that scalar products of
X∗, Y ∗, Z∗ and V ∗ with each other and respect to fθ,ℓ are constant. To start with
the calculations, we note that
[X∗, S] = 0
[X∗, Y ∗]V ert = i 2m+2Ωθ,ℓ(X,Y ) · S
[X∗, Y ∗]Horiz = [X,Y ]∗
[T ∗, X∗] = [T,X ]∗ + i 2
m+2Ωθ,ℓ(T,X) · S
[X∗, Y ∗] = prH [X,Y ]∗ − dθ(X,Y ) · T ∗ + i 2m+2Ωθ,ℓ(X,Y ) · S ,
where Ωθ,ℓ = dAθ,ℓ is the curvature of the connection form Aθ,ℓ on Fc.
Lemma 6. (cf. [Bau99]) For the ℓ-Fefferman metric f on Fc, it holds
f(∇fX∗Y ∗, Z∗) = Lθ(∇WX Y, Z) +Bθ(X,Y, Z)
f(∇fSY ∗, Z∗) = 12Lθ(JY, Z)
f(∇fX∗Y ∗, S) = − 12Lθ(JX, Y )
f(∇fT∗Y ∗, Z∗) = 12
(
Lθ([T, Y ], Z)− Lθ([T, Z], Y )− i 2m+2Ωθ,ℓ(Y, Z)
)
f(∇fX∗Y ∗, T ∗) = 12
(
Lθ([T,X ], Y ) + Lθ([T, Y ], X) + i
2
m+2Ωθ,ℓ(X,Y )
)
f(∇fT∗T ∗, Z∗) = − i 2m+2Ωθ,ℓ(T, Z)
f(∇fS, S) = f(∇fS, T ∗) = f(∇fT ∗, T ∗) = 0
f(∇fSS,Z∗) = f(∇fST ∗, Z∗) = f(∇fT∗S,Z∗) = 0
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for all X,Y, Z ∈ Γ(H), which have pairwise constant scalar products with respect
to Lθ.
Proof. We apply the Koszul formula for the Levi-Civita connection ∇f , namely
it holds
f(∇fDB,C) =
1
2
(
f([D,B], C) + f([C,B], D) + f([C,D], B)
)
for all vector fields B,C,D on Fc, which have constant length and pairwise constant
scalar products. In fact, the formulae of Lemma 6 result immediately from this
Koszul formula, the above expressions for commutators of vector fields on Fc and
replacing the scalar products with respect to f by those with respect to Lθ after
projecting the vectors to M . For example, for the first formula we find that
2f(∇fX∗Y ∗, Z∗) = Lθ([X,Y ], Z) + Lθ([Z, Y ], X) + Lθ([Z,X ], Y )
= 2Lθ(∇WX Y, Z) +
1
4
Lθ(NJ (X,Y ), Z) +
1
4
Lθ(NJ (Z, Y ), X)
+
1
4
Lθ(NJ (Z,X), Y )
= 2Lθ(∇WX Y, Z) + 2Bθ(X,Y, Z)
for all sections X,Y, Z in H with pairwise constant scalar products. The other
formulae follow in a similar way by applying the Koszul formula and the above
expressions for commutators. 
Note that in the expressions for the connection components in Lemma 6 the Nijen-
huis torsion occurs only in the H-part of the horizontal distribution. The 1-form ℓ
influences the curvature expression that appear.
Lemma 7. (cf. [Lee86]) It is
Ricfθ,ℓ (S , T ∗) =
1
2(m+ 1)
scalW − i
2(m+ 2)
trθdℓ(·, J ·) and
Ricfθ,ℓ(X∗, V ∗) =
scalW
(m+ 1)(m+ 2)
· Lθ(X,V )
+ i
m
2(m+ 2)
( RicW (X, JV ) +RicW (V, JX) )
− m
4
( Tθ(X, JV ) + Tθ(V, JX) )
+ tr1,4θ (∇WBθ)(X,V ) + tr1,4θ (∇WBθ)(V,X)
− 1
8
trθLθ(N(X, ·),N(V, ·)) + 1
4
trθLθ(N(N(X, ·), ·), V )
+
i
m+ 2
( dℓ(X, JV ) + dℓ(V, JX) )
for all vectors X∗, V ∗ in the horizontal lift of H to TFc.
Proof. We will use the connection components of Lemma 6 in order to obtain
second covariant derivatives of vector fields on Fc and certain components of the
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Riemannian curvature tensor Rfθ,ℓ . For convenience, we set
G(X,V ) := Tθ(X,V ) + i
2
m+ 2
Ωθ,ℓ(X,V )
for all X,V in H . First, we have
f(∇fX∗∇fY ∗Z∗, V ∗) = X∗(f(∇fY ∗Z∗, V ∗))− f(∇fY ∗Z∗,∇fX∗V ∗)
= Lθ(∇WX ∇WY Z, V )
+
1
4
Lθ(JY, Z) ·G(X,V ) + 1
4
Lθ(JX, V ) ·G(Y, Z)
− Lθ(∇WY Z,B(X,V )) + Lθ(∇WX (B(Y, Z)), V )
− Lθ(B(Y, Z),B(X,V )) ,
f(∇f[X∗,Y ∗]Z∗, V ∗) = Lθ(∇WprH [X,Y ]Z, V ) +
i
m+ 2
Ωθ,ℓ(X,Y ) · Lθ(JZ, V )
− 1
2
Lθ(JX, Y ) ·(
Lθ([T, Z], V )− Lθ([T, V ], Z)− i 2
m+ 2
Ωθ,ℓ(Z, V )
)
+ Bθ(prH [X,Y ], Z, V ) ,
which results to the curvature component
Rf(X∗, Y ∗, Z∗, V ∗) = RW (X,Y, Z, V )
− i
m+ 2
Lθ(JZ, V ) · Ωθ,ℓ(X,Y )− 1
2
Lθ(JX, Y ) ·G(Z, V )
− Lθ(JX, Y ) · Lθ(TorW (T, Z), V )
+
1
4
Lθ(JY, Z) ·G(X,V ) + 1
4
Lθ(JX, V ) ·G(Y, Z)
− 1
4
Lθ(JX,Z) ·G(Y, V )− 1
4
Lθ(JY, V ) ·G(X,Z)
− (∇WY Bθ)(X,Z, V ) + (∇WX Bθ)(Y, Z, V )
− 1
4
Bθ(N(X,Y ), Z, V )
− Lθ(B(Y, Z),B(X,V )) + Lθ(B(X,Z),B(Y, V ))
for X,Y, Z and V in H . Moreover, it is
f(∇fT∗∇fX∗S, V ∗) = −f(∇fX∗S,∇fT∗V ∗)
= −1
4
(Lθ([T, V ], JX)− Lθ([T, JX ], V )− 2i
m+ 2
Ωθ,ℓ(V, JX)),
f(∇f[X∗,T∗]S, V ∗) =
1
2
Lθ([T,X ], JV )
and we obtain
Rf (X∗, T ∗, S, V ∗) +Rf(X∗, S, T ∗, V ∗) = − i
2(m+ 2)
(
Ωθ,ℓ(V, JX) + Ωθ,ℓ(X, JV )
)
−1
4
( Tθ(X, JV ) + Tθ(V, JX) ) .
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With these curvature components we calculate that
2m∑
i=1
Rfθ,ℓ(X∗, e∗i , e
∗
i , V
∗) =
2m∑
i=1
RW (X, ei, ei, V )
+
3i
2(m+ 2)
( Ωθ,ℓ(X, JV )− Ωθ,ℓ(JX, V ) )
−
2m∑
i=1
(
(∇Wei Bθ)(X, ei, V ) +
1
4
Bθ(N(X, ei), ei, V )
)
+
2m∑
i=1
Lθ(B(X, ei),B(ei, V )) ,
2m∑
i=1
Rfθ,ℓ(X∗, e∗i , Je
∗
i , JV
∗) =
2m∑
i=1
RW (X, ei, ei, V )
− 1
2(m+ 1)
scalWLθ(X,V ) + i
m+ 1
m+ 2
Ωθ,ℓ(X, JV )
− m− 1
2
Lθ(Tor
W (T,X), JV )
− m− 1
2
Lθ(Tor
W (T, V ), JX)
+
2m∑
i=1
(
(∇Wei Bθ)(X, ei, V ) +
1
4
Bθ(N(X, ei), ei, V )
)
−
2m∑
i=1
Lθ(B(X, ei),B(ei, V ))
and
2m∑
i=1
Rfθ,ℓ(X∗, JV ∗, e∗i , Je
∗
i ) =
2m∑
i=1
RW (X, JV, ei, Jei)
+
scalW
m+ 1
Lθ(X,V ) − i2m+ 2
m+ 2
Ωθ,ℓ(X, JV )
− 2 ·
2m∑
i=1
Lθ(B(X, ei),B(V, ei)) .
By using
2m∑
i=1
Rfθ,ℓ(X∗, e∗i , Je
∗
i , JV
∗) =
m∑
α=1
Rfθ,ℓ(X∗, e∗2α−1, Je
∗
2α−1, JV
∗)
−
m∑
α=1
Rfθ,ℓ(X∗, Je∗2α−1, e
∗
2α−1, JV
∗)
=−
m∑
α=1
Rfθ,ℓ(X∗, JV ∗, e∗2α−1, Je
∗
2α−1)
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we obtain
2m∑
i=1
Rfθ,ℓ(X∗, e∗i , e
∗
i , V
∗) = iRicW (X, JV )
+
3i
2(m+ 2)
( Ωθ,ℓ(X, JV )− Ωθ,ℓ(JX, V ) )
+
m− 1
2
(Lθ(Tor
W(T,X), JV )+Lθ(Tor
W(T, V ), JX))
−
2m∑
i=1
(
2(∇Wei Bθ)(X, ei, V ) +
1
2
Bθ(N(X, ei), ei, V )
)
+
2m∑
i=1
(
2Lθ(B(X, ei),B(ei, V ))+Lθ(B(X, ei),B(V, ei))
)
.
Adding the expression for Rfθ (X∗, T ∗, S, V ∗) + Rfθ(X∗, S, T ∗, V ∗) and using the
identities for torsion terms of section 6 we obtain
Ricfθ,ℓ(X∗, V ∗) = iRicW (X, JV ) + 2 · tr1,4θ (∇WBθ)(X,V )
+
i
m+ 2
( Ωθ,ℓ(X, JV ) + Ωθ,ℓ(V, JX) )
− m
4
( Tθ(X, JV ) + Tθ(V, JX) )
− 1
8
trθLθ(N(X, ·),N(V, ·)) + 1
4
trθLθ(N(N(X, ·), ·), V ) .
After symmetrisation in X and V of (the first line of) the right hand side of the
latter equation, we obtain the component Ricfθ,ℓ(X∗, V ∗) as stated. Furthermore,
it is
Ricfθ,ℓ(S, T ∗) =
2m∑
i=1
(
fθ,ℓ(∇fθ,ℓ[T∗,e∗
i
]S, e
∗
i )− fθ,ℓ(∇fθ,ℓT∗ ∇fθ,ℓe∗
i
S, e∗i )
)
=
i
2(m+ 2)
2m∑
i=1
(
Ωθ,ℓ(Jei, ei)− Lθ([T, ei], Jei) + Lθ([T, Jei], ei)
)
=
1
2(m+ 1)
scalW − i
2(m+ 2)
trθdℓ(·, J ·) .

Theorem 2. (cf. [Lee86]) The scalar curvature of the ℓ-Fefferman metric fθ,ℓ on
Fc is given by
scalfθ,ℓ =
2m+ 1
m+ 1
· scalW + 1
m+ 2
· trθLdℓ .
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Proof. It is
scalfθ,ℓ = 2 · Ricfθ,ℓ(T ∗, S) +
2m∑
i=1
Ricfθ,ℓ(e∗i , e
∗
i )
=
(
1
m+ 1
+
2m
(m+ 1)(m+ 2)
+
2m
m+ 2
)
· scalW
− 1
8
·
2m∑
i,j=1
Lθ(N(N(ei, ej), ej), ei)
+
1
4
·
2m∑
i,j=1
Lθ(N(ei, ej),N(ei, ej))
+
2i
m+ 2
trθdℓ(·, J ·) − i
m+ 2
trθdℓ(·, J ·)
=
2m+ 1
m+ 1
· scalW + i
m+ 2
trθdℓ(·, J ·) .
Thereby, we use again the torsion identities from section 6, which hold under the
condition of partial integrability. 
Theorem 2 shows that the scalar curvature of the Fefferman metric fθ and the
Webster scalar curvature are proportional. For arbitrary ℓ ∈ Ω1(M ; iR) this is not
true.
8. The Laplacian of the fundamental Killing vector
We discuss now properties of the fundamental vector field S which is vertical
along the S1-fibre bundle Fc in the Fefferman construction. It is easy to see that it
is a Killing vector with respect to any ℓ-Fefferman metric fθ,ℓ, i.e., LSfθ,ℓ = 0, where
L denotes the Lie derivative. However, the main goal of this section is to calculate
the Laplacian of S. We are able to give an explicit expression for it. The result is a
first step in direction of a tractor calculus description for ℓ-Fefferman spaces which
come from partially integrable CR-spaces. We will complete the tractor description
in the later sections.
The fundamental vector field S is uniquely determined by Aθ,ℓ(S) = i
m+2
2 and
it is lightlike with respect to the ℓ-Fefferman metric fθ,ℓ, where ℓ ∈ Ω1(M ; iR).
Lemma 6 shows that
fθ,ℓ(∇fθ,ℓC S,B) = −fθ,ℓ(∇fθ,ℓB S,C)
for all vectors B,C ∈ TFc, i.e., S is a Killing vector for any ℓ-Fefferman metric fθ,ℓ.
Equivalently, for the dual 1-form θ to S on (Fc, fθ,ℓ) holds
∇fθ,ℓθ = 1/2 · dθ .
Now let ∆fθ,ℓ = d∗d + dd∗ denote the Laplace-Beltrami operator acting on differ-
ential forms, whereby d∗ is the codifferential with respect to fθ,ℓ. By trfθ,ℓ∇2 we
denote the Bochner-Laplacian acting on arbitrary tensor fields ρ through
trfθ,ℓ∇2ρ = ∇fθ,ℓS ∇fθ,ℓT∗ ρ+∇fθ,ℓT∗ ∇fθ,ℓS ρ +
2m∑
i=1
( ∇fθ,ℓe∗
i
∇fθ,ℓe∗
i
ρ−∇fθ,ℓ
∇fθ,ℓ
e∗
i
e∗
i
ρ
)
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(with respect to our special choice of frame on Fc). In general, for a Killing 1-form
θ holds
d∗θ = 0 and tr∇2θ = −1/2 · d∗dθ = −1/2 ·∆θ .
By using the formulae of Lemma 6 we find a simple expression for the Laplacian
applied to θ on (Fc, fθ,ℓ).
Proposition 1. (cf. [Lei05]) Let (Fc, fθ,ℓ) be the ℓ-Fefferman space of a partially
integrable CR-space (Mn, T10) of dimension n = 2m + 1 with pseudo-Hermitian
structure θ and ℓ ∈ Ω1(M ; iR). Then
(1) the fundamental S is a Killing vector and the lift θ to Fc of the pseudo-
Hermitian form is the dual Killing 1-form. In particular,
∇fθ,ℓθ = 1/2 · dθ .
(2) For the Laplace-Beltrami operator applied to θ on (Fc, fθ,ℓ) holds
∆fθ,ℓθ = −2i (n− 1)
n+ 3
·Aθ,ℓ +
(
scalfθ,ℓ
n
− 2(n+ 1)
n · (n+ 3) trθLdℓ
)
· θ
resp. it holds
Pθ =
i
n+ 3
· Aθ,ℓ + (n+ 1) · trθLdℓ
n(n− 1) · (n+ 3) · θ ,
where P = Pfθ,ℓ is the differential operator 1
n−1
(
trfθ,ℓ∇2 + scal
fθ,ℓ
2n
)
.
Proof. Let X,Y, Z denote sections in H on M such that their coordinates with
respect to a local frame {ei : i = 1, . . . , 2m} are constant. It holds
fθ,ℓ(∇fθ,ℓX∗ ∇fθ,ℓY ∗ S, S) = −fθ,ℓ(∇fθ,ℓY ∗ S,∇fθ,ℓX∗ S) = −
1
4
fθ,ℓ( (JY )
∗, (JX)∗ )
= −1
4
fθ,ℓ(X
∗, Y ∗) ,
fθ,ℓ(∇fθ,ℓX∗ ∇fθ,ℓY ∗ S, T ∗) = −fθ,ℓ(∇fθ,ℓY ∗ S,∇fθ,ℓX∗ T ∗)
= −1
4
(
Lθ([X,T ], JY ) + Lθ([JY, T ], X)
)
−i 1
2(m+ 2)
Ωθ,ℓ(JY,X),
fθ,ℓ(∇fθ,ℓX∗ ∇fθ,ℓY ∗ S,Z∗) = −fθ,ℓ(∇fθ,ℓY ∗ S,∇fθ,ℓX∗ Z∗)
=
1
2
(
Lθ(∇WX JZ, Y ) +Bθ(X, JZ, Y )
)
.
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These formulae show that
fθ,ℓ(trfθ,ℓ∇2S, S) = −m2
fθ,ℓ(trfθ,ℓ∇2S,Z∗) = 12
∑2m
i=1
(
Lθ(∇Wei JZ, ei) + Lθ(∇Wei ei, JZ)
)
+ 12
∑2m
i=1Bθ(ei, JZ, ei)
= 12
∑2m
i=1 ei
(
Lθ(ei, JZ)
)
= 0
fθ,ℓ(trfθ,ℓ∇2S, T ∗) = −i 12(m+2)
∑2m
i=1Ωθ,ℓ(Jei, ei)
= − scalW2(m+1) + i2(m+2) trθdℓ(·, J ·)
= − 12nscalfθ,ℓ + n+1n(n+3) trθLdℓ ,
whereby we use the relation
scalfθ,ℓ =
2m+ 1
m+ 1
scalW +
1
m+ 2
trθLdℓ .
With the identity fθ,ℓ(trfθ,ℓ∇2S, ·) = trfθ,ℓ∇2θ(·) = − 12∆fθ,ℓθ(·) we obtain the
stated formula for the Laplace-Beltrami operator applied to θ. 
The importance of the next conclusion and the differential operator P on a semi-
Riemannian space in the context of conformal geometry will be explained in the
next sections.
Corollary 1. Let (Fc, fθ,ℓ) be the ℓ-Fefferman space of (M,T10) with respect to θ, ℓ
on M . It holds
Pθ =
i
n+ 3
Aθ,ℓ if and only if trθLdℓ = 0 .
Eventually, we define here the vector space
H1tr(M,T10) := {ℓ ∈ Ω1(M ; iR) : trθdℓ(·, J ·) = 0}/{ℓ ∈ Ω1(M ; iR) : dℓ = 0}
to any partially integrable CR-space (M,T10). This quotient can be understood as
the vector space on which the affine space of those connection forms is modelled,
which admit the same scalar curvature as the Weyl connection on Fc belonging
to some fixed θ, modulo gauge transformations. The class cℓ = [fθ,ℓ] is locally
conformally equivalent to any cℓ˜ = [fθ,ℓ˜] with ℓ˜ ∈ [ℓ], where [ℓ] denotes the class
of 1-forms with purely imaginary values which differ from ℓ only by a closed form
(i.e. gauge transformation). Hence we can introduce the notion c[ℓ] which denotes
(locally) a uniquely determined conformal structure, which we call the [ℓ]-Fefferman
conformal class on Fc. The map
Ψ : [ℓ] ∈ H1tr(M,T10) 7→ c[ℓ] = [fθ,ℓ]
is then bijective onto the space of local conformal structures on Fc belonging to
ℓ-Fefferman metrics, which have the property that
Pθ =
i
n+ 3
Aθ,ℓ˜
for all pseudo-Hermitian forms θ and ℓ˜ ∈ [ℓ].
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9. Aspects of conformal tractor calculus
We collect in this section notions and facts from conformal tractor calculus.
Thereby, we will restrict ourselves only to the very necessary parts of the apparatus,
which we will need for our purposes in the remaining sections. We will omit the
use of CR-tractors. For a broader explanation of the topics that are raised we refer
to [CG02], [Cap05a], [CS00], [CSS97], [CSS01], [Cap05c].
Let g denote the Lie algebra so(2, n + 1) belonging to the special orthogonal
group SO(2, n+ 1), which acts by standard representation on the Euclidean space
R
2,n+1 with indefinite scalar product
〈x, y〉 = x−y+ + x+y− + (x1, . . . , xn+1) J t(y1, . . . , yn+1) ,
where the matrix
J =
( −1 0
0 In
)
gives rise to the Minkowski metric on Rn+1. (We choose here the special signature
(2, n+1) for g, since we want to work in the Lorentzian setting, which is related to
strictly pseudoconvex CR-geometry.) The Lie algebra g = so(2, n+1) is |1|-graded:
g = g−1 ⊕ g0 ⊕ g1 ,
where g0 = co(1, n), g−1 = Rn+1 and g1 = Rn+1∗. The 0-part g0 decomposes
further to its semisimple part o(1, n) and the center R. We realise the subspaces
g0, g−1 and g1 by matrices of the form 0 0 0m 0 0
0 −tmJ 0
 ∈ g−1 ,
 −a 0 00 A 0
0 0 a
 ∈ g0 ,
 0 l 00 0 −J tl
0 0 0
 ∈ g1 .
The commutators with respect to these matrices are given by
[ , ] : g0 × g0 → g0 , [(A, a), (A′, a′)] = (AA′ −A′A, 0)
[ , ] : g0 × g−1 → g−1 , [(A, a),m] = Am+ am
[ , ] : g1 × g0 → g1 , [l, (A, a)] = lA+ al
[ , ] : g−1 × g1 → g0 , [m, l] = (ml − J t(ml)J, lm) ,
where (A, a), (A′, a′) ∈ o(1, n)⊕ R, m ∈ Rn+1, l ∈ Rn+1∗.
The subalgebra
p := g0 ⊕ g1
of g is a parabolic, i.e., it contains a maximal solvable subalgebra of g. We also
denote p+ := g1. While the grading of g is not p-invariant, it gives rise to an
invariant filtration
g ⊃ p ⊃ p+ .
The subgroup P of G = SO(2, n + 2), whose adjoint action on g preserves this
filtration is a parabolic subgroup with Lie algebra p. And the subgroup G0 which
preserves the grading of g is the group CSO(1, n) = SO(1, n)×R+ with Lie algebra
g0 = co(1, n). Moreover, the exponential map restricts to a diffeomorphism from
p+ onto a normal subgroup P+ ⊂ P and the parabolic P is the semidirect product
of G0 and P+. Eventually, we note that the homogeneous space G/P is the flat
model of conformal geometry in Lorentzian signature (1, n+ 1).
The Killing form of g defines a duality between g/p and p+ as p-modules (with
respect to the adjoint action). In particular, for each k ∈ N we get a p-module
isomorphism
Hom(Λkg/p, g) ∼= Λkp+ ⊗ g .
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The latter spaces are the groups in the standard complex computing the Lie algebra
homology of p+ with coefficients in g. The differentials in this standard complex
are linear maps denoted by
∂∗ : Hom(Λkg/p, g)→ Hom(Λk−1g/p, g) .
For k = 1 the explicit formula for ∂∗ is given by
φ ∈ p+ ⊗ g 7→ ∂∗φ =
n+1∑
i=1
[ηi, φ(ξi)] ∈ g ,
where {ξi : i = 1, . . . , n+1} is some basis of g−1 ∼= g/p and {ηi : i = 1, . . . , n+1}
is the dual basis of p+. By construction, it is ∂
∗ ◦∂∗ = 0 for all k and we denote the
kth homology group ker(∂∗)/Im(∂∗) which is a p-module by Hk
g
. It is well known
that p+ acts trivially on H
k
g
(cf. [Cap05a]).
Now let (Fn+1, c) be a smooth orientable manifold with conformal structure
c of signature (1, n). The conformal structure is given by a G0-principal bundle
reduction G0(F ) of the general linear frame bundle over F . By the process of
prolongation we obtain from G0(F ) the P -principal fibre bundle P(F ) which is
a reduction of the second order linear frame bundle on F and again determines
the conformal structure c on F uniquely (cf. e.g. [Kob72] [CSS97]). A Cartan
connection ω is a smooth 1-form on P(F ) with values in g such that
(1) ω(χA) = A for all fundamental fields χA, A ∈ p,
(2) R∗gω = Ad(g
−1) ◦ ω for all g ∈ P and
(3) ω|TuP(F ) : TuP(F )→ g is a linear isomorphism for all u ∈ P(F ).
The curvature 2-form Ω of a Cartan connection ω is given by
Ω = dω +
1
2
[ω, ω] .
The corresponding curvature function κ : P(F )→ Hom(Λ2g, g) is given by
κ(u)(X,Y ) := dω(ω−1u (X), ω
−1
u (Y )) + [X,Y ]
for u ∈ P(F ) and X,Y ∈ g. The curvature function κ vanishes if one of its entries
lies in p ⊂ g. Hence we can view κ as an P -equivariant smooth function
κ : P(F )→ Hom(Λ2g/p, g) .
An important fact of conformal geometry is that there exists a distinguished Cartan
connection ωnor on P(M), which we call the normal Cartan connection of conformal
geometry (cf. e.g. [Kob72], [CSS97]). The normal Cartan connection ωnor is
uniquely determined by the condition
∂∗ ◦ κ = 0 .
Furthermore, we can extend the P -principal fibre bundle P(F ) by the structure
group G. This gives rise to the G-principal fibre bundle G(F ) = P(F ) ×P G over
F . The normal Cartan connection ωnor on P(F ) extends by equivariance as well
and becomes a principal fibre bundle connection on G(F ) which we denote again by
ωnor. Now let V be a G-representation. From the representation V we obtain the
vector bundle V := G(F )×G V. We call V the tractor bundle which belongs to the
G-representation V. The normal connection ωnor on G(F ) induces on each tractor
bundle V an invariant covariant derivative:
∇nor : Γ(TF ∗)⊗ Γ(V)→ Γ(V) .
Of particular interest for our purpose are the standard and adjoint tractor
bundles of a space (F, c) with conformal structure. We denote by T(F ) :=
G(F ) ×G R2,n+1 the standard tractor bundle and by A(F ) := G(F ) ×Ad(G) g the
adjoint tractor bundle. In the latter case the adjoint representation of G on g can
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be restricted to P , which preserves the filtration of g. Hence we obtain a natural
filtration
A(F ) ⊃ A0(F ) ⊃ A1(F ) ,
whereby A0(F ) = P(F ) ×Ad(P ) p and the bundle A1(F ) = P(F ) ×P p+ is the
dual T ∗F of the tangent bundle of F . Notice that with this identification the dual
tangent bundle T ∗F is canonically contained in A(F ). Furthermore, by choosing a
Lorentzian metric g in c we can reduce the bundles G(F ) and P(F ) (by using the
corresponding Weyl structure of g) to the structure group SO(1, n), which is the
semisimple part of G0. This reduction gives rise to a grading on the adjoint tractor
bundle. It is
A(F ) ∼=g TF ⊕ co(TF )⊕ T ∗F .
Thereby, notice that TF = G0(F ) ×G0 g−1 and co(TF ) is the subset of the en-
domorphism bundle End(TF ) consisting of skew-symmetric maps plus non-zero
multiples of the identity map. The concrete identification of A(F ) with this graded
sum depends very much on the choice of g in c. The standard tractor bundle splits
as graded sum with respect to a metric g in c by
T(F ) ∼=g R⊕ TF ⊕ R .
The Lie bracket on g is Ad(P )-invariant. Hence there is an induced algebraic
bracket on the adjoint tractor bundle A(F ), which we denote by {·, ·}. This bracket
admits with respect to some metric g in the conformal class following expressions.
For elements (ξ, ϕ, ω), (τ, ψ, η) ∈ Ap(F ) at p ∈ F , whereby the components are
given with respect to the induced grading of A(F ) by g, it holds
{ (ξ, ϕ, ω) , (τ, ψ, η) } =
( {ξ, ψ}+ {ϕ, τ} , {ξ, η}+ {ϕ, ψ}+ {ω, τ} , {ϕ, η}+ {ω, ψ} ) .
Moreover, it is
{ei, ψ} = − ψ(ei)
{e∗i , ψ} = e∗i ◦ ψ
{ei, e∗j} = e∗i ⊗ e∗j − εiεjej ⊗ e∗i for i 6= j
{ei, e∗i } = id|TF
{ei, η} = ei ⊗ η −
∑n+1
j=1 εiεjη(ej)ej ⊗ e∗i + η(ei)id
{ξ, e∗j} = ξ ⊗ e∗j − εjej ⊗ g(ξ, ·) + e∗j (ξ)id ,
where {ei : i = 1, . . . , n + 1} denotes an orthonormal frame on F with respect to
g and εi := g(ei, ei).
Furthermore, the g-action on R2,n+1 which is compatible with the P -action gives
rise to a multiplication on T(F ) by adjoint tractors, which we denote by
• : A(F )⊗ T(F ) → T(F ) .
(A, t) 7→ A • t
In this respect, we can view an adjoint tractor as endomorphism on standard trac-
tors. We also use the notation A2 ∈ End(T(F )) for the superposition A • A of
A ∈ A(F ) acting on standard tractors. Of course, A2 is in general not an adjoint
tractor.
Since the differential ∂∗ : p+⊗g→ g is P -equivariant, it induces a vector bundle
map
∂∗ : T ∗F ⊗A(F )→ A(F ) .
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The image of ∂∗ is p resp. A0(F ). Let us denote H1
g
F := P(F )×P H1g. It holds
H1
g
F = A(F )/A0(F ) .
We mentioned above that the group P+ acts trivially on H
1
g
. For that reason we
can view H1
g
F as the associated bundle G0 ×G0 H1g, which is naturally identified
with the tangent bundle of F :
H1
g
F ∼= TF .
Let πH : A(F ) → H1g(F ) denote the natural projection. This projection does not
depend on the choice of a metric or a Weyl structure in c. If α is a section of A(F )
then we can consider πH(α) as a tangent vector field, which we often call the ’first
slot’ of the adjoint tractor α.
On any space (F, c) with conformal structure there exists a certain (conformally)
invariant differential operator, which assigns to any section of the bundle Hk
V
F of
homology groups of p+ with coefficients in someG-module V an element of Ω
k(F,V),
where the latter is the space of smooth k-forms with values in the tractor bundle
belonging to the representation V. This operator is called the splitting operator
and plays a prominent role in the construction of BGG sequences (cf. [CSS01],
[Cap05a]). We denote this operator by S. For the rest of the section, we aim to
calculate S explicitly in terms of a metric g in the conformal class c on F for the
case when it is a map from vector fields to sections of the adjoint tractor bundle:
S : X(F )→ Γ(A(F )) .
In general, the splitting operator is determined by the following property (cf.
[CSS01]). Let dnor : Ωk(F,V) → Ωk+1(F,V) denote the covariant exterior deriv-
ative, which is induced by the normal connection on the G-principal fibre bundle
G(F ). Then for arbitrary τ ∈ Γ(Hk
V
F ), it holds
(1) ∂∗(S(τ)) = 0 and πH(S(τ)) = τ ,
(2) ∂∗(dnorS(τ)) = 0 .
In the particular situation when k = 0 and V = g the covariant exterior derivative
is just equal to ∇nor. Hence the splitting operator
S : X(F )→ Γ(A(F ))
is determined by the property that for all vector fields τ on F , it holds
πH(S(τ)) = τ and ∂
∗(∇norS(τ)) = 0 .
Moreover, in this situation the map S admits the property that if τ ∈ X(F ) is a
conformal Killing vector field on (F, c) then
∇norX S(τ) = −Ωnor(τ,X) for all X ∈ TF .
Conversely, it is also known that the ’first slot’ of any adjoint tractor, which solves
the latter equation, is a conformal Killing vector field (cf. [CD01], [Cap05c]).
The covariant exterior derivative dnor = ∇nor acting on a section (τ, ψ, η) in
A(F ) with respect to a metric g in the conformal class c on F is given by
dnor(τ, ψ, η) = ( ∇g· τ , ∇g· ψ , ∇g· η ) + { (·, 0, P g(·)) , (τ, ψ, η) }
= ( ∇g· τ , ∇g· ψ , ∇g· η ) + ({·, ψ} , {·, η}+ {P g(·), τ} , {P g(·), ψ}),
where ∇g denotes the Levi-Civita connection and
P g : TF → T ∗F
X 7→ 1
n−1
(
scalg
2n g(X, ·)−Ricg(X, ·)
)
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is the Schouten tensor with respect to g (cf. [CG02]). Applying the differential ∂∗
results to
∂∗d(τ, ψ, η) =

0∑n+1
i=1 ( {e∗i ,∇geiτ} + {e∗i , {ei, ψ}} )∑n+1
i=1 ( {e∗i ,∇geiψ} + {e∗i , {ei, η}} + {e∗i , {P g(ei), τ}} )
 .
With the formulae for the bracket {·, ·} from above we calculate∑n+1
i=1 {e∗i , {ei, ψ}} = ψ + trgψ · id −
∑n+1
i=1 εig(ψ(ei), ·)∑n+1
i=1 {e∗i ,∇geiτ} = − ∇g· τ − trg∇gτ +
∑n+1
i=1 εig(∇geiτ, ·)∑n+1
i=1 {e∗i , {ei, η}} = (n+ 1) · η∑n+1
i=1 {e∗i ,∇geiψ} =
∑n+1
i=1 e
∗
i ◦ ∇geiψ∑n+1
i=1 {e∗i , {P g(ei), τ}} = − 2P g(τ) + trgP g · g(τ, ·),
where trgP
g = − scalg2n(n+1) . One can immediately see that the equation ∂∗d(τ, ψ, η) =
0 is solved for an arbitrary vector field τ on F by setting
ψ = ∇gτ and
η = − 1
n+1
(
(
∑n+1
i=1 e
∗
i ◦ ∇geiψ)− 2P g(τ) + trgP g · g(τ, ·)
)
.
By inserting the first equation into the second one we obtain
η = − 1
n+1
(
(
∑n+1
i=1 e
∗
i ◦ ∇gei(∇gτ)(·)) − 2P g(τ) + trgP g · g(τ, ·)
)
.
We reformulate the latter expression for η in the case when τ is a conformal
Killing vector field. In this situation, it holds
n+1∑
i=1
e∗i ◦ ∇gei(∇gτ) = −g(trg∇2τ, ·) +
2
n+ 1
d(div(τ)) and
d(div(τ)) = −g(trg∇2τ, ·) + 2
n+ 1
d(div(τ)) −Ricg(τ, ·) ,
where div(τ) = trgg(∇g· τ, ·). This implies
n− 1
n+ 1
· d(div(τ)) = −g(trg∇2τ, ·) − Ricg(τ, ·) ,
n+1∑
i=1
e∗i ◦ ∇gei (∇gτ) = −
n+ 1
n− 1g(trg∇
2τ, ·) − 2
n− 1Ric(τ, ·) ,
and finally, we obtain
η =
1
n− 1 · g(trg∇
2τ, ·) + scal
g
2n · (n− 1)g(τ, ·) .
We conclude that the splitting operator S applied to a conformal Killing vector τ
on (F, c) is given with respect to some metric g in c by
S(τ) = ( τ , ∇g· τ , P(g(τ, ·)) ) ,
where the differential operator P = Pg is defined as in Proposition 1 by
P :=
1
n− 1
(
trg∇2 + scal
g
2n
)
.
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10. Conformal tractor calculus for Fefferman space
Now we come back to the realm of Fefferman spaces and study their conformal
tractor calculus. It is well known in case of integrable CR-structures that the stan-
dard tractor bundle of the Fefferman conformal class admits a complex structure
JCR, which arises naturally as the lift of the invariant complex structure on the
standard CR-tractors. However, the complex structure JCR has another important
property, namely it is parallel with respect to the normal conformal tractor con-
nection ∇nor and the corresponding conformal vector field to JCR (i.e., the ’first
slot’ of JCR) is exactly twice the fundamental Killing field S in fibre direction on
Fc. We show here that a similar statement is true in the partially integrable case,
but for general ℓ-Fefferman spaces the situation changes.
Let (Fn+1c , fθ,ℓ) be a ℓ-Fefferman space over a strictly pseudoconvex, partially in-
tegrable CR-space (Mn, T10) with pseudo-Hermitian structure θ and ℓ ∈ Ω1(M ; iR).
Let T(Fc) be the standard tractor bundle to the conformal structure [fθ,ℓ] on Fc.
Moreover, let A(Fc) be the adjoint tractor bundle, which splits to a graded sum by
the choice of fθ,ℓ. Let us denote R := 2S. We define the section JCR in A(Fc) with
respect to the graded sum corresponding to fθ,ℓ as
JCR := ( R , Jθ,ℓ ,
2i
n+ 3
Aθ,ℓ ) ,
whereby Jθ,ℓ denotes the horizontal lift of the almost complex structure J on H to
TFc (with respect to Aθ,ℓ).
Proposition 2. (1) The endomorphism
JCR = (R, Jθ,ℓ,
2i
n+ 3
Aθ,ℓ)
defined as section of the adjoint tractor bundle A(Fc) does not depend on the choice
of θ, i.e., JCR is a CR-invariant.
(2) It is
J2CR = −id|T(Fc) ,
i.e., JCR is a complex structure on the standard tractor bundle T(Fc).
Proof. (1) In fact, the complex structure JCR is the lift of the invariant complex
structure on the CR-standard tractors ofM . Since we do not introduce CR-tractors,
we can not use this argument here. Alternatively, we could apply the transformation
law for the graded sum of adjoint tractors under rescaling of the metric (cf. [CG02])
to show that the definition of JCR does not depend on θ. However, we do not aim
to introduce this transformation law either. So we postpone the proof of invariance
until Proposition 3. There, we will see that JCR is even a conformally invariant
object on A(Fc).
(2) With respect to the metric fθ,ℓ we can describe the action of JCR on a standard
tractor t = (a, ξ, b) with a ∈ R, ξ ∈ TFc and b ∈ R as application of the matrix
JCR =

0 2i
n+3Aθ,ℓ 0
R Jθ,ℓ
−2i
n+3A
b
θ,ℓ
0 −fθ,ℓ(R, ·) 0
 ,
where Abθ,ℓ denotes the dual vector to Aθ,ℓ with respect to fθ,ℓ. For the middle
entry of this matrix note that fθ,ℓ(∇fθ,ℓX R, Y ) = dθ(Jθ,ℓX,Y ) for all X,Y ∈ TFc.
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Then it is
JCR • t =

2i
n+3Aθ,ℓ(ξ)
a · R+ Jθ,ℓ(ξ)− 2ibn+3Abθ,ℓ
−fθ,ℓ(R, ξ)
 ,
where Jθ,ℓ acts trivially on the complement of the horizontally lifted distribution
H . Applying JCR by multiplication again results to
JCR • JCR • t =

2ia
n+3Aθ,ℓ(R)
2i
n+3Aθ,ℓ(ξ) · R− prH(ξ) + 2in+3fθ,ℓ(R, ξ)Abθ,ℓ
2ib
n+3Aθ,ℓ(R)
 = −t ,
whereby we use 2i
n+3Aθ,ℓ(R) = −1 and prH denotes the projection of TFc to the
horizontal lift of H . 
We know so far that JCR is a complex structure on T(Fc), whose ’first slot’ is the
(conformal) Killing vector field R, which is vertical in the fibres of the ℓ-Fefferman
construction. With the help of the splitting operator S we obtain the conformal
invariant S(R) on the adjoint tractor bundle A(Fc). We also set
U :=
n+ 1
n · (n− 1)(n+ 3)(0, 0, trθLdℓ · θ) ∈ A(Fc) .
Note that the 1-form trθLdℓ · θ does not depend on the pseudo-Hermitian structure
θ, i.e., trθLdℓ ·θ is a uniquely determined section in T ∗Fc. Since T ∗Fc is canonically
included in the adjoint tractor bundle, we know that U is a uniquely defined section
in A(Fc) and does not depend on the choice of fθ,ℓ.
Proposition 3. Let (Fn+1c , [fθ,ℓ]) be the ℓ-Fefferman space of a strictly pseudocon-
vex, partially integrable CR-space (Mn, T10) with pseudo-Hermitian form θ, correc-
tion term ℓ ∈ Ω1(M ; iR) and fundamental Killing vector field R. It holds
(1)
S(R) = JCR + U .
In particular, JCR is a conformal invariant on A(Fc).
(2) It holds
S(R) = JCR if and only if [ℓ] ∈ H1tr(M,T10) .
In this case it is
∇nor· JCR = −Ωnor(R, · ) .
Proposition 3 follows immediately from Proposition 1 and the definition of JCR
and U. We note that the curvature expression Ωnor(R, ·) is entirely determined by
the Nijenhuis tensor N and the 1-form ℓ. The result also shows the independence
of JCR from the choice of a pseudo-Hermitian form. This proves the first statement
of Proposition 2.
11. The reconstruction
In Proposition 3 of the previous section we have seen how to obtain through the
ℓ-Fefferman construction conformal structures which admit an orthogonal complex
structure R on the standard tractor bundle whose ’first slot’ R is a conformal vector
field. We want to argue now in the reversed direction and discuss a reconstruction
result from the existence of such a complex structure R. Our discussion will be of
local nature, since we do not want to assume a S1-fibration on our initial space.
Let (Fn+1, c) be a smooth manifold of dimension n+1 with conformal structure
c. We assume here that there exists an adjoint tractor R ∈ Γ(A(F )) which acts as
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complex structure on the standard tractors T(F ) such that the ’first slot’ πH(R) = R
is a conformal vector field on F , i.e., it holds
R2 = −id|T(F ) and ∇nor· R = −Ωnor(R, ·) .
The splitting operator applied to R reproduces the adjoint tractor: S(R) = R.
In the following discussion, we will show step by step how to construct from the
existence of R a (local) CR-structure on a quotient manifold. The following Lemma
8 is the first step.
Lemma 8. Let
β =

−a l 0
m A −J tl
0 −tmJ a

be an arbitrary matrix in g = so(2, n+ 1) with β2 = −id. Then the vectors m and
J
tl ∈ Rn+1 are non-zero and lightlike. Moreover, it is A(m) = am and l ◦ A = al
and the restriction of A to the J-orthogonal complement W of span{m,Jtl} in
R
n+1 is a complex structure, i.e., A2|W = −id.
Proof. It is
β2 =

a2 + lm −al+ lA −lJ tl
−am+Am ml+ A2 + J tltmJ −AJ tl − aJ tl
−tmJm −tmJA− atmJ tmtl + a2
 .
This matrix square immediately shows that the condition β2 = −id implies the
statements of Lemma 8. 
In general, with respect to a metric f in c and a corresponding orthonormal frame
the matrix β ∈ g represents an adjoint tractor at some point p ∈ F . In particular,
since we have chosen a metric f , the vector m which determines the g−1-part of
the matrix β represents the ’first slot’ of that adjoint tractor. Moreover, the matrix
A gives rise to a skew-symmetric endomorphism on TpF and l is a lightlike 1-form
at p ∈ F . For our particular adjoint tractor R this implies the following objects.
It is R = ( R , ∇fR , P(f(R, ·)) ), where the ’first slot’ R is a non-zero, lightlike
conformal Killing vector field and the 1-form P(f(R, ·)) is non-zero and lightlike
as well. The skew-symmetric part of the endomorphism ∇fR restricts on the f -
orthogonal complement W f of the lightlike vectors R and the dual of P(f(R, ·)) in
TF to an orthogonal complex structure Jf .
Now we denote by θf the dual of R with respect to f in c. The subbundles RR
and E := ker(θf ) give rise to a flag in TF . The quotient Q := E/RR is via f
identified with the subbundle W f . The image of the tensorial map
∇f· R : E → TF
again lies in E and R is mapped to −div
f (R)
n+1 ·R. Hence ∇fR can be interpreted as
a tensorial map on the quotient bundle Q. The skew-symmetric part J of this map
corresponds via f to Jf on W f ⊂ E. From Lemma 8 we know that J : Q → Q
is a complex structure. This complex structure is orthogonal on Q with respect to
the positive definite scalar product fQ which is induced by f on Q, i.e., it holds
fQ(JX, JY ) = fQ(X,Y ) for all vectors X,Y in Q. Moreover, the 2-form fQ(J ·, ·)
equals the 2-form that is induced by dθ on the quotient Q. Thereby, we note that
dθ(R, ·) = 0 on E.
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So far we have constructed from R with the help of some fixed f in c the data:
RR, E, Q := E/RR and J : Q→ Q .
We want to show now that these data do not depend on the choice of f , i.e., they
are uniquely determined by the conformal structure c. Obviously, the subbundles
RR and E := ker(θf ) do not depend on f in c, since H1
g
F is invariantly identified
with TF . Now, let f˜ = e−2φf be an arbitrary rescaled metric in the conformal
class c. From the transformation law for Levi-Civita connections in the conformal
class we obtain
∇f˜XR = ∇fXR− dφ(X)R − dφ(R)X for all X ∈ E .
This relation shows that the skew-symmetric part of∇f˜R induces on Q the complex
structure J again, i.e., J on Q does not depend on the choice of metric.
As next, we note that, in general, there exists a naturally defined Lie derivative
acting on sections of tractor bundles with respect to conformal Killing vector fields.
This derivative is given by differentiation of a given tractor along the flow of the
vector, which consists of (local) conformal diffeomorphisms. For example, let V
denote any conformal Killing vector on F and let Q be an adjoint tractor then the
Lie derivative of Q with respect to V is given by
LV Q = {Q, S(V )} ,
where S(V ) is the splitting operator applied to V . In case that V is a Killing vector
field for some suitable metric f in c this Lie derivative coincides with the usual LV
applied to the components of Q with respect to the graded sum TF⊕co(TF )⊕T ∗F .
In particular, for R we have
LRR = {R,R} = 0 .
In fact, since the conformal vector field R has no zero, we can find locally a metric
f in c such that R is Killing, i.e., R is an infinitesimal isometry of f and LRf = 0.
The adjoint tractor R takes with respect to f the form ( R , ∇fR , P(f(R, ·)) ).
The property that R is Killing implies that the commutators [LR,∇f ] and [LR,P]
vanish. Hence it is [R,R] = 0, LR(∇fR) = 0 and LR(P(f(R, ·))) = 0. With this
remark we can see that RR,E and the complex structure J on Q are invariant
under the (local) flow of the conformal vector field R on F . In fact, let ΦRt denote
this flow with time parameter t and let f be a metric such that R is Killing. Then
it holds [R,R] = 0 and LRθ = 0, which proves that Φ
R
t∗(RR) = RR and Φ
R
t∗(E) = E
to any time t. Moreover, it is LR∇fR = 0, which shows that J on Q is invariant
under the flow ΦR as well.
Furthermore, we notice that the algebraic bracket
LQ : Q×Q → K := TF/E
(X,Y ) 7→ prK [X,Y ]
on the quotient Q is ΦR-invariant and non-degenerate. This follows from the fact
that E,Q are ΦR-invariant and from the relation θf ([X,Y ]) = −dθf (X,Y ) =
f(X,∇fYR) for all X,Y in E when LRf = 0. In this situation, it also holds
θf ([∇fXR,∇fYR]) = −dθf (∇fXR,∇fY R) = −f(∇fXR, Y ) = f(X,∇fYR) ,
which shows that LQ(JX, JY ) = LQ(X,Y ) for all X,Y in Q, i.e., the bracket LQ
is totally real.
Now we consider again the conformal Killing vector R on F . Since R admits
no zero, we can factorise the manifold F locally around every point through the
ABOUT COMPLEX STRUCTURES IN CONFORMAL TRACTOR CALCULUS 33
integral curves Int(R) of R and obtain a smooth projection onto a C∞-manifold of
dimension n:
πU : U ⊂ F → MU := U/Int(R) .
Thereby, we can assume that the open submanifold U of F is diffeomorphic to
MU × R and πU is just the natural projection onto the first factor. Since the
subbundle E of TF is invariant under the flow ΦR, it projects by πU to a distribution
H in TMU . The subbundle RR of TF vanishes after projection to MU . Hence the
distribution H is of codimension one in TMU and the quotient bundle Q projects
naturally onto the distribution H . Since the algebraic bracket LQ is non-degenerate
and ΦR-invariant on F , the distribution H is contact in TMU . Moreover, the Φ
R-
invariant complex structure J on Q projects to a unique complex structure on the
contact distribution H in TMU , which we again denote by J . The algebraic bracket
which corresponds to the contact distribution H is then real with respect to J . At
this point we have shown that the adjoint tractor R on (F, c) generates locally a
uniquely determined CR-manifold (MU , H, J) of dimension n, which is partially
integrable.
Eventually, we construct pseudo-Hermitian structures on (MU , H, J). For this
purpose, let us consider (locally) any metric f in c on U ⊂ F with LRf = 0.
Then, it holds LRθ
f = 0 and θf projects uniquely to a 1-form θ on MU such that
θ|H = 0, i.e., a metric f gives rise to a pseudo-Hermitian form θ on (MU , H, J) when
LRf = 0. From such a θ we obtain the Levi-form Lθ on the CR-space (MU , H, J).
The Levi-form Lθ is naturally πU -related to fQ on the quotient bundle Q, which
shows that (MU , H, J) and θ are strictly pseudoconvex.
Proposition 4. Let (F, c) be a space with conformal structure c admitting R ∈
Γ(A(F )) which acts as complex structure on T(F ) such that the ’first slot’ R is
conformal Killing. Then
(1) the local factorisation of F through the integral curves Int(R) to R generates
a smooth space admitting a uniquely determined strictly pseudoconvex and
partially integrable CR-structure.
(2) Any (local) metric f in c with LRf = 0 generates a pseudo-Hermitian
structure on that CR-space.
So far we have not used in our discussion all the information that is encoded
in the existence of the complex structure R. And, in fact, there is still an open
issue. It is the question how the conformal structure c on U ⊂ F is related to the
induced CR-space (MU , H, J). To give an answer to this question we consider the
1-form Af := P(f(R, ·)) with respect to any metric f such that LRf = 0. Then it
holds Af (R) = −1 and LRAf = 0. These properties show that we can understand
Af as a ’local connection form’ on the fibration πU : U ⊂ F → MU . From our
construction so far, it is clear that f on U takes the form
π∗ULθ − 2 · θf ◦Af ,
where Lθ is the Levi-form on (MU , H, J) belonging to θ, which in turn was induced
by f on U ⊂ F .
If we choose U suitably small we can identify it with an open subset of the
canonical S1-bundle over (MU , H, J). (Such an identification can be understood
as the choice of a gauge in the canonical S1-bundle.) With such a gauge we can
compare f on U with the Fefferman construction to θ on the canonical S1-bundle
of (MU , H, J). So let Aθ be the Weyl connection to (MU , H, J) that we introduced
in section 5. We denote by ℓ := Af − Aθ the difference of the two given connec-
tions (via the chosen gauge). Remember that Aθ is determined by f . We can see
that f = Lθ − 2 · θf ◦ Af is just the ℓ-Fefferman metric on U over (MU , H, J).
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However, the difference ℓ between the two connections can not be arbitrary. In
fact, the Killing vector R is vertical with respect to πU , i.e., R is vertical in the ℓ-
Fefferman construction when we consider U as a subset of the canonical S1-bundle
over MU . By our assumption, S(R) = R is a complex structure. Yet we know from
Proposition 3 that a vertical Killing vector in the ℓ-Fefferman construction gives
rise to a complex structure via the splitting operator S if and only if the contrac-
tion trθdℓ(·, J ·) = 0 on MU vanishes, i.e., (the πU -projection of) ℓ is an element of
H1tr(MU , H, J). This completes our discussion of the general reconstruction.
Proposition 5. Let (F, c) be a space with conformal structure c admitting R ∈
Γ(A(F )) which acts as complex structure on T(F ) such that the ’first slot’ R is
conformal Killing and let (MU , H, J) be the (locally) induced CR-space (cf. Propo-
sition 4). Then c on F is (locally) conformally equivalent to some ℓ-Fefferman
metric which is constructed on (MU , H, J) with suitable [ℓ] ∈ H1tr(MU , H, J).
We remark that the Nijenhuis tensor NJ of the CR-space (MU , H, J) and the
1-form class [ℓ] can be recovered from the curvature expression Ωnor(R, ·).
It is well known that the classical Fefferman construction over integrable CR-
spaces produces conformal classes c of metrics, which admit a parallel complex
structure on the standard tractor bundle T(Fc), i.e., ∇norJCR = 0 for JCR = S(R)
and Ωnor(R, ·) = 0. The latter condition is equivalent to R − W = 0 and R − C =
0, where W denotes the Weyl tensor of the conformal structure c and C denotes
the Cotton-York tensor. The Weyl tensor W is determined by the g0-part of the
curvature Ωnor and C comes from the g1-part. On the other side, the existence of
a lightlike Killing vector R for some Lorentzian metric f satisfying
R − W = 0, R − C = 0 and Ric(R,R) > 0
implies that f is locally isometric to the Fefferman metric of an integrable CR-
space (cf. [Gra87]). In the situation when there exists a complex structure JCR
with ∇norJCR = 0, these conditions are automatically satisfied with respect to a
metric f such that the ’first slot’ of JCR is (locally) a Killing vector. The reason is
that P(f(R, ·))(R) = −1 implies Ric(R,R) > 0 (cf. section 9). Notice once again
that such a metric f always exists locally.
In particular, this shows that the existence of a parallel complex structure JCR
on the standard tractor bundle T(F ) gives rise at least locally to a parallel section
in the canonical complex line tractor bundle, which is defined as
F := Λm+2∗(T10),
where T10 denotes the i-eigenspace bundle to the extended endomorphism JCR on
the complexified standard tractor bundle TC(F ) = T(F )⊗C. In fact, the conformal
curvature Ωnor acts on T(F ) by
Ωnor(X,Y )(t) = κ(X,Y ) • t
for all t ∈ T(F ) and vectors X,Y ∈ TF ∼= H1gF . Now let f be any metric
in c, let U denote the f -orthogonal complement to the span of R = πH(JCR)
and the dual vector field of P(f(R, ·)) and let J by the antisymmetric part of the
endomorphism ∇fR : TF → TF . Furthermore, let {ei : i = 1, . . . , 2m} denote an
orthonormal basis of (U, f |U ) such that J(e2α−1) = e2α and J(e2α) = −e2α−1 for
all α = 1, . . . ,m. Then it is a straightforward calculation to see that the conformal
curvature Ωnor acts on the line tractor bundle F by multiplication with the complex
number ρ, which is given by
i ·
m∑
α=1
e∗2α(κ0(X,Y )(e2α−1)) = i ·
m∑
α=1
W(X,Y, e2α−1, Je2α−1) .
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The property of JCR to be parallel for ∇nor implies directly that
W(X,Y, JZ, V ) = −W(X,Y, Z, JV ) for all X,Y, Z, V ∈ TF.
Using the Bianchi identity and the fact that ∂∗ ◦ κ = 0 (i.e. the fact that the
Weyl tensor W has no trace) we find that the complex number ρ is zero, i.e., the
line tractor bundle F has no conformal curvature. Hence F admits locally parallel
sections.
Theorem 3. (cf. [Spa85], [Gra87]) Let (F, c) be a manifold with a conformal
structure c of Lorentzian signature admitting a conformal Killing vector R whose
adjoint tractor S(R) is a ∇nor-parallel complex structure. Then c is locally confor-
mally equivalent to a Fefferman metric fθ constructed over an integrable CR-space.
In particular, Theorem 3 says that
Ωnor(R, ·) = 0 if and only if NJ = 0 and [ℓ] = 0 ,
where R is a conformal Killing vector and S(R) is a complex structure. In terms of
conformal holonomy the statement of Theorem 3 says that if the holonomy algebra
of the normal conformal connection ωnor is reduced to u(1,m) then it is already
reduced to su(1,m). The latter is the Lie algebra of the structure group SU(1,m)
of CR-geometry. In particular, if a complex structure JCR with ∇norJCR = 0
exists, then there exists locally also a solution of the twistor equation for spinors
(cf. [Bau99]).
12. Main Theorem
Proposition 3 and 5 establish our main result about complex structures on the
conformal standard tractor bundle. We combine them in order to formulate the
following Theorem. We remember that c[ℓ] denotes the conformal class which is
determined by a ℓ-Fefferman metric fθ,ℓ, where [ℓ] denotes the class of a 1-form ℓ
modulo closed forms.
Theorem 4. Any smooth manifold (Fn+1, c) with Lorentzian conformal struc-
ture c admitting a conformal Killing vector field R whose corresponding adjoint
tractor S(R) is a complex structure on the standard tractor bundle T(F ) is lo-
cally conformally equivalent to a [ℓ]-Fefferman conformal class constructed on
some strictly pseudoconvex, partially integrable CR-structure (M,T10) with some
[ℓ] ∈ H1tr(M,T10), i.e., the map
Ψ : ( T10 , [ℓ] ) 7→ ( c[ℓ] , S(R) )
is surjective for [ℓ] ∈ H1tr(M,T10) onto the local conformal classes with complex
structures S(R).
We remark that it is not clear at this point whether the map Ψ is a bijection. In
principle, there might be the possibility that a conformal class is [l]-Fefferman with
respect to two different constructions along different fibres (resp. lightlike Killing
vector fields), which are not equivalent. We remark also that non-trivial examples
for elements in H1tr(M,T10) do exist for CR-structures, in general. However, we
do not aim to investigate here the space H1tr(M,T10) and the properties of their
elements. We expect that the ℓ-Fefferman construction is really an extension of the
Fefferman construction and produces new sorts of Lorentzian metrics and conformal
classes.
There are several more aspects of the relation of CR-geometry and conformal
geometry, which are not touched here. We want to mention some of them. This
happens also with the intention to set our discussion into a broader context. In
fact, an issue that is behind our investigations here, is the relation of the canonical
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normal Cartan connections of CR-geometry and conformal geometry in the Feffer-
man construction. Since the Fefferman construction can also be generalised and
applied to various other parabolic geometries, this topic seems to be very basic and
of general importance.
For integrable CR-structures it is well known that the equivariant extension of
the normal CR-Cartan connection in the Fefferman construction gives rise to the
normal Cartan connection of conformal geometry. In fact, this is true if and only
if the CR-geometry is integrable. In case that the CR-geometry is only partially
integrable, there still exists a unique normal Cartan connection (cf. [CS00]). How-
ever, the equivariant extension in the Fefferman construction does not give rise to
the normal connection of conformal geometry.
What we have shown in this paper is that the two natural connections in the
Fefferman construction (without an ℓ-term) of partially integrable CR-structures
coincide at least when they are applied to the natural complex structure JCR that
appears in the construction. Of course, this does not mean that they are the same.
In fact, it shows only that they are equal up to a 1-form with values in the Lie
algebra u(1,m). It remains to determine this 1-form in the difference of the two
natural Cartan connections. To achieve this, it should be in principle enough to
calculate all components of the Ricci curvature of the Fefferman metric with respect
to some pseudo-Hermitian structure.
Moreover, if we know the Ricci curvature of the Fefferman metric we can pro-
ceed and calculate the conformal curvature in dependence of the Tanaka-Webster
curvature. So we would know then the right hand side −Ωnor(πH(R), ·) of our
tractor equation in terms of Webster curvature. This curvature expression would
characterise essential properties of the fundamental Killing vector in the Fefferman
construction. However, one reason that we did not continue to go this way was
that calculations are already rather extensive. And, since the Fefferman construc-
tion is invariant in its nature, the idea is that there should be an invariant approach
and calculation for the comparison of the two normal connection. This means an
approach that does not use a Weyl connection or any other form of preferred lin-
ear connection. We do not know yet how this invariant approach works. On the
other side, the occurrence of the ℓ-Fefferman construction seems to show that the
existence of complex structures on standard tractors should not only be seen as a
CR-invariant problem. Maybe this is an indication that an invariant approach to
the comparison of the normal Cartan connections is not too obvious in the first
place.
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